Joint Program Exam, September 1988

Real Analysis

INSTRUCTIONS

The test has two parts. Part I involves statements which can either be proved
with a short proof or disproved with a counterexample. If you decide to disprove
the statement, you are not required to prove that your counterexample is in fact a
counterexample,but you must give it very explicitly. You must work all of Part I.

Part II involves statements which you should prove. You should give complete so-
lutions to as many problems as you can from Part I, remembering that the examiners

are looking for complete solutions, rather than two seriously incomplete solutions.
Part I

Prove or disprove the following statements.

1.Let 4 be a positive measure on a set X. Let {fx} be a sequence of elements of
LP(X, ) ,where 1 < p < oo. Suppose that the sequence converges in LP(X, i) to f.
Then || fi||, converges to || f]|p-

2.Suppose that f € L?[0, 1]. Then f € L3[0, 1].

3.Suppose that the sequence {f,} of elements of L'[0, 1] converges pointwise al-
most everywhere to the function g, and that the sequence {f,} converges in L'[0,1]
to f. Then for almost every x € [0,1], f(z) = g(x).

4.Suppose that p is a positive measure on a o-algebra A of subsets of a set X.
Suppose that {S,} is a sequence of members of A,such that S, .1 C S, for each n,and
such that N7 .S, = @, the empty set, Then

lim p(S,) = 0.

n—oo



Part II

Prove the following statements.

5.Let g be an absolutely continuous montone function on [0,1]. If F C [0,1] is a
set of Lebesgue measure 0,show that g(E) has Lebesgue measure 0.

6.Let F be a Lebesgue measurable subset of R. Let f : E — R be nonnegative
and Lebesgue integrable over E. Show that given any ¢ > 0 there exists a 6 > 0 such
that fA z)dr < e for every measurable subset A of E with Lebesgue measure less
than 0.

7.Prove the following theorem from Fubini’s theorem. Be sure to state what mea-
sures you are using and what the spaces are. State the version of Fubini’s theorem
you are using,and make sure you have showed that all hypotheses of this theorem
hold.
THEOREM. Suppose that {a;;}:5_, is a set of real numbers indexed by the ordered
pairs of positive integers. Suppose that » 7 (377, |a;|) < oco. Then for each j,
> iy aij converges,and for each i, 377 a;; converges. Furthermore, >27°, (3777, aij)

and 77, (3772, a;;) both converge and are equal.

8.Let ¢ be a continuously differentiable function from R into R, such that ¢(z) =
for z ¢ (—1,1). Let f € L'(R). Define h(zx) by
= [=. fW)o(z —y)dy.

Show that
a)h is continuous;

b)h is continuously differentiable,and

= [7 )¢ (x — y)dy.

9.Find, proving all assertions,

1
lim f 1+”"” =dx.
n—oo

10.Suppose that f is a Lebesgue integrable function on R. Prove that the function

= [7 f(t)dt

is absolutely continuous.



Joint Program Exam, January 1989
Real Analysis

INSTRUCTIONS

You may take up to 3.5 hours to complete the exam. Problems from each part
should be attempted. Do as many as you can do. Completeness in your answers is
very important. Justify your steps by referring to theorems by name when appro-
priate. An essentially complete and correct solution to one problem will gain more

credit than solutions to two problems each of which is ”half correct”.

Part 1. For each of the following give an example or give a brief explanation why

no example exists. Complete at least 4 problems.
1.An infinite set which has outer measure zero.

2.A set B of real numbers which is not Lebesgue measurable for which the set

{z € B : x is irrational} is Lebesgue measurable.

3.A function which is Lebesgue integrable on [0,1] but is not Riemann integrable
on [0,1].
4.A function whose improper Riemann integral over (0,00) exists but whose

Lebesgue integral over (0,00) does not exists.

5.A sequence {f,} of nonnegative measurable functions on [0,1] satisfying f,+1 <
fn a.e. forn=1,2,... and lim f,, = f for almost every z € [0, 1] with f being Lebesgue
integrable, but lim f[o,l} fn # f[0,1] f. (The statement f[0,1] f, should not be taken to
mean that f[o,1] fn < 00).



Part II. Prove or disprove. Complete at least 3 problems.

1.If a nonnegative Lebesgue measurable function f is Lebesgue integrable on [0,1],
then f € L*|0,1].

2.Let f be a nonnegative Lebesgue integrable function on [a,b]. Define A, = {z €
[a,b] : n < f(x) <n+1} for n=0,1,2,.... Then
Znu(An) < 00
n=0
where 1 denotes Lebesgue measure on [a,b].

3.Let f(z) = x*sin(2) for z € (0,1] and f(0) = 0. Then f(z) is of bounded
variation on [0,1].

4.Let {f,} be a sequence of nonnegative Lebesgue measurable functions on [0,1].
Suppose that

(i) fn — f a.e. in [0,1] and
(i) fio,1 fo < K for all n and some constant K.
Then f € L'0,1] and [|f|: < K.

5.If f € L'0,1], then lim,, ., f[o 1 " f =0.



Part I1I. Complete at least 3 problems.
1.Let p > 1. Suppose that
(i) f € LP[1,00) and
(ii) f >0 a.e. in [1,00).
Define g(z) = [ f(t) exp~ ™ dt. Show that g € L'[1, 00) and

1
lglls < If1lp/q

1,1 _
Where5+a—1.

2.Suppose that f is a nonnegative Lebesgue integrable function in [0,1] and

/ " =a
[0,1]

for n=1,2,...and some constant «. Show that f(z) = [f(z)]* a.e. in [0,1].

3.Let {f,} be a sequence of L?[0, 1]-functions which converge pointwise for almost
every x € [0,1] to a function f € L?[0,1]. Show that f, — f in L?[0,1] if and only if
[ fnllz = (112

4.Let p be Lebesgue measure on (—oo, 00). Prove that if E is a measurable subset
of real numbers and if t € (—o0, 00) then E + ¢ is measurable and uFE = u(E + t).



Joint Program Exam, May 1989
Real Analysis

INSTRUCTIONS

You may take up to 3.5 hours to complete the exam. Completeness in your
answers is very important. Justify your steps by referring to theorems by name when
appropriate. An essentially complete and correct solution to one problem will gain
more credit than solutions to two problems each of which is ”half correct”.

There are two parts to the exam. You should attempt at most 4 problems from

Part I and at most 6 problems from Part II.

Part 1. For each of the following give an example or give a brief explanation why

no example exists. Complete at least 4 problems.

1.A bounded Lebesgue measurable function f on [0,1] which is not Riemann in-

tegrable.

2.A sequence {f,}° of Lebesgue measurable functions on [0,1] which converge
pointwise to 0, but with f[o g fo=1forn=12, ..

3.An f € L3[0,1],but f & L?[0,1].

4.An increasing function which has jump discontinuities at every irrational num-

ber.

5.A dense open subset of [0, 1] x [0, 1] whose complement in [0,1]x[0,1] has positive

Lebesgue measure.



Part II. Do 6 of the following nine problems.

1.Let f be an increasing continuous function on [0,2]. Forz € [0,1] and n=1,2,...,let
fa(@) =n(f(z+3) — f(x)). Show:
(i) fo — f" a.e. on [0,1];
(i) [y ' < £(1) — £(0).
2. Assume the usual properties of Lebesgue measure,m,on R'. Show that if
f € L'(R"), then for x € R!

[ fla+t)dm(t) = [T f(z)dm(t)

3.Suppose that p is a positive measure on the ¢ algebra B, which satisfies @ =
inf{u(A): A€ B,u(A) >0} > 0. Show that
(a) L'(p) C L(p) and
(b) L' (k) C L*(p).

4.Let f(z) = =22 for z > 0.
(i) Show that f € L'0,b] for all b > 0.
(ii) Show that f ¢ L'[0, 00).

5. Let f € L'(R"). Show that
7}1_{20 f[U,l} f(nt)dm(t) =0,
where m denotes Lebesgue measure on [0,1].

6.Let A = {x € [0, 1]: there exists infinitely many pairs of positive integers p and
q with |z — B[ < q%} Show that the Lebesgue measure of A is 0.

7.Let {Et}3° be a sequence of bounded Lebesgue measurable sets in R™ such that
Ei1 D EyD ...D EpD ... Set E =[] E;. By using the basic properties of measure

show that klim m(FEy) = m(F), where m denotes Lebesgue measure on R".
—00

8.Let ¢ be an element of (0,1). Let X be the two element set: {0,1}. Let P(X)
be the set of all subsets of X. Let p be a positive measure on the o-algebra P(X)



with the property that u(¢) = 0, u({0}) = ¢, and pu(X) = 1. Show that for every f:
X — R' we have

Tim [ fllo = [Iflloc, where [[flla = ([ [f]*dp)"/>.

9.Let f > 0 be in L'[0,1]. For z € [0, 1] define F(z) = f[o 1 %dm(y), where

m denotes Lebesgue measure on [0,1]. Show that F' € L'[0,1].



Joint Program Exam, September 1989
Real Analysis

INSTRUCTIONS

You may take up to 3.5 hours to complete the exam. Completeness in your
answers is very important. Justify your steps by referring to theorems by name when
appropriate. An essentially complete and correct solution to one problem will gain
more credit than solutions to two problems each of which is ”half correct”.

There are two parts to the exam. The examiner will grade all 5 problems from
Part I and 4 problems from Part II.

This exam consists of 4 pages.
Part 1. Prove or disprove the following propositions. Do all 5 problems.

1.If a function f(x) is absolutely continuous on a close interval [a,b], then f(x) is

of bounded variation.

2.(1) Let m be the Lebesgue measure on (—o0o,00). Let M be a set of measure
zero, i.e., m(M)=0. Let M be the closure of M in (—o0,c0). Then m(M) = 0.

(ii) Let us define counting measure p(-), on (—oo,c0) by

{ #(M) if M is a finite set,

00 if M is an infinite set,

where M is a subset of (—o0,00) and #(M) is the number of elements of M in the
finite case. Let M be the closure of M in (—oo,00). Then p(M) = p(M) for any
subset M of (—o0, 00).

3.Let f,(z) (n =1,2,-) be a sequence of continuous functions Lebesgue integrable

on [0, 00) which converges uniformly to a f(z) Lesbesgue integrable on [0, 00). Then

o0

lim |f(z) — fu(z)|dz = 0.

n—oo 0
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4.Let

{cosx(:v) (-1<z<0,0<z<1)
1 (x=0).

Then f(x) is (Lebesgue) integrable on [-1,1].

5.Let h(x) be a Lebesgue integrable function on (—oc, 00) and set, for u > 0,

{ Ey = {z € (=00, 00)/|h(x)] = u},
g(u) = u-m(E,),

where m is the Lebesgue measure. Then g(u) is a bounded function on [0, co).

Part II. Do 4 of the following 6 problems. Do not hand in more than 4 problems.

1.Let

1
un(z) = ﬁ(cosac)”’1 sinz (n=1,2,---,0<z <

o] 3

).

(i) Evaluate IO% Uy (z)dx
(ii) Prove: f(z) = >, un(x) exists for all 2 € [0, 5] and f(x) is integrable on
0.3].
2.Let g(x) be an integrable function on (0, 00). Then prove: For any § > 0, there
exists R > 0 such that

| / " g(a)de| < (1+9) / g(x)dz

3.Let a, b be real numbers such that 0 < a < b < co. Does the limit

b 1'2

lim nsin —dz
n—oo [, n

exist? Find the limit if it exists. Prove all assertions.
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4.Let p > 1 and let f(z) € LP((—1,1)) with respect to Lebesgue measure, i.e.,

/ |f(z)Pdz < oo

) € LY((=1,1)).
)

(n=1,2,---) and let v = E=. Then prove

(i) Prove that f(z
(i) Let I, = (-1,

1
n

llmn7/|f )|dz = 0.

5.A real-valued function f(x) on [0,1] is said to be (uniformly) Holder continuous
on [0,1] of order o when f(x) satisfies for all x,y€[0,1]

[f(x) = F(y)] < el —y[*

where c is a nonnegative constant.

(i) What function can be Holder continuous function of order a with o > 17

(ii) Let f(x) be a Holder continuous function of order 1. Then show that f(x) is
differentiable at all points = € [0,1] and that f(x) satisfies the formula

_ /0 )

where f'(z) is the derivative of f at x.

6.Let f(t) be a function on [0,1] satisfying the following conditions (a)-(d):

a)fisa CZ—function on [0,1], i.e., L and % exist and are continuous on [0,1].

' dx

Let R = {(t,z) : 0 <t <1and 0 <z < 1}. Is the function u(t,z) = —f(i)Jr -

integrable on R, i.e., is the double integral

// u(t, z)dtdr < oo ?
R

Prove your answer. (Hint: Consider F'(¢ fo

[ hzde = tan~'  + C).

dz and use the formula

\/_+:1:
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Joint Program Exam, May 1990
Real Analysis

INSTRUCTIONS

You may take up to 3.5 hours to complete the exam. Completeness in your
answers is very important. Justify your steps by referring to theorems by name when
appropriate. An essentially complete and correct solution to one problem will gain

more credit than solutions to two problems each of which is ”half correct”.

Notation: Throughout the exam, the symbol ”u(E)” refers to Lebesgue measure

on the set E. Also the symbol "R” stands for the real numbers.
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Part I. For each of the following give an example or give a brief explanation why

no example exists.

DO 4 OF THE FOLLOWING 5 PROBLEMS IN PART L.

1. A sequence of functions {f,} in L'(R) such that, on each compact set K, {f,}

converges to 0 uniformly, but [ r Jndm =1 for all n.
2.A subset M of R with measure 0, but whose closure M has non-zero measure.
3.A non-measurable subset of the Cantor ternary set.

4.A continuous f(x) defined on [0, 00) such that f is not Lebesgue integrable over

[0,00) but such that the improper Riemann integral

lim /ORf(:E)d:E

R—o0

exists.

5.A measure space (X, B, u) for which there is no countable family of subsets
{X,}22, such that all of the following hold:

a) X, € B for each n;

b) X = U5L, Xy;

¢) pu(X,) < oo for each n.



14

Part II: In this part, give a complete solution to each problem. Do six problems

in part II.

1.The function f, defined on R, is said to satisfy a Lipschitz condition if there is a
constant M such that, for all x,y € R,

[f(z) = fly)| < Mz —yl.

Prove that if f satisfies Lipschitz condition, then there exists monotone functions h

and g such that f(x)=h(x)-g(x), for every x.

2.Let fo(z) = /nze ™ forn=1,2,3,- -
(i) Find the maximum value assumed by f,, in the interval [0,1].
(i) Find lim [} f,(z)dz.

n—o0

3.Let m represent Lebesgue measure on R.
(i) Show that LP[0,1] C L?if p > ¢. (You must show that L? is a subset of L7
and that the inclusion is strict.)

(ii) Show that, if f € L then lim || f||, = ||f|loc.
p—00

4.Compute the quantity lim [fol e‘xQ/"dx].
n—oo

Make sure that you verify your manipulations by referring to known theorems.
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5.Let f be a non-negative function defined on R and suppose that the function

f(z)
1422

€ L'(R). Assume also that, for each positive integer n,

/OO " f(z)dz < 1.

2 2
o+

Show that f € L'(R) and that || f||; < 1.

6.Let f and g be integrable functions defined on R, and suppose that, for each
t € R, f(t) > 0 and also g(t) > 0. The convolution of f and g is a new function
h(z) = f = g(x), defined as follows:

Fro®) = [ 1= s)gis

Prove the basic case of Young’s Convolution Theorem: namely, prove that f * g is
integrable and that ||f = g|| < ||fl1]lg]|-

7.Suppose that the function f is integrable on [0, 00) and that,for all » > 0,

/Orf(x)d;r —0.

Prove that f(x)=0 for almost every = > 0.

8.Let f be a bounded and measurable function defined on the interval [0,1], and
let 0 < a < 1. For each = € R, set

h(x):/o F(O)|o — t|odt.

Show that

(i) h(x) is well-defined for each z € R (that is, show that the function f(¢)|x—¢|~®
is integrable.

(ii) h(x) is a continuous function on R. [hint: to prove continuity at xy € [0, 1],
divide the interval of integration into {t € [0,1] : |t — x¢| < J} and
{t €[0,1]: [t = mo| = 6} ]
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Joint Program Exam, October 1990
Real Analysis

INSTRUCTIONS

You may take up to 3.5 hours to complete the exam. Completeness in your
answers is very important. Justify your steps by referring to theorems by name when
appropriate. An essentially complete and correct solution to one problem will gain

more credit than solutions to two problems each of which is ”half correct”.

Notation: Throughout the exam, the symbol ”u(E)” refers to Lebesgue measure

on the set E. Also the symbol "R” stands for the real numbers.
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DO 8 OF THE FOLLOWING 9 PROBLEMS.

1. Let f(x,y) be a continuous function defined on R? Let g, h be real-valued

measurable functions on [a,b] (a,b € R). Define the function F by

F(t) = f(g(t), h(t)), t € [a,b].

Then, prove that F is a measurable function on [a,b].

2. Give an example of a sequence {f,} of real-valued continuous functions on
E=[0,1] such that
(i) f(x) = lim f,(z) exists for every z € E,and
n—o0

() Jim [ f.# ] f

Justify your answer.

3. Prove or disprove that if f is a nonnegative and integrable function on R, then

lim f(z) =0.

|z| =00

4. Let {E;} be a collection of measurable sets such that ) pu(E;) < oo. Let
i=1

What can you say about u(A)? Justify your answer.
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5. Let f € L'(E) N L®(E). Then, show that for 1 < p < oo, f € L?(F) and

1

11l < Il 17
1 1 _
Whereﬁ—i—a_l

6. Let f(x) be a continuous and bounded function on R, and let g(x) be an

integrable function on R. Define

szfm—m@@,xaa

(i) Show that F(x) is well-defined for all 2 € R;

(ii) Show that F is continuous on R.

7. Let f € L'(R), f, € L'Y(R), fu(x) — f(z) a.e. and ||fully — ||f]l1 as n — oo.
Show that for every measurable subset E of R,

tiw [ 1g1= [ 111

8. Show that

n

1
lim [ (1+ f)’””e_?"‘ﬁalx =3

n—oo [ n

(Justify all your assertions).

9. Let f(z) = z® cos(xz™") for z € (0,1] and f(0) = 0. Show that f(z) is absolutely

continuous on [0,1].
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Joint Program Exam, May 1991
Real Analysis

INSTRUCTIONS

You may take up to 3.5 hours to complete the exam. Completeness in your
answers is very important. Justify your steps by referring to theorems by name when
appropriate. An essentially complete and correct solution to one problem will gain

more credit than solutions to two problems each of which is ”half correct”.

Notation: Throughout the exam, the symbol ”u(E)” refers to Lebesgue measure

on the set E. Also the symbol "R” stands for the real numbers.
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DO 9 OF THE FOLLOWING 10 PROBLEMS.

1. Let f : [a,b] = R be a differentiable function whose derivative is bounded on
[a,b]. Prove that

(a) f is absolutely continuous on [a,b];

(b) there exists ¢ > 0 such that u(f (7)) < cpu(I) for any interval I C [a, b].

2. Let Z be a subset of R with Lebesgue measure zero. Show that the set

{z? : x € Z} also has measure zero.

3. For each problem below give an example with a brief explanation.
(a) A sequence {a,} in ¢3,but not in (2.

(b) A function f € L*[0,1] with f ¢ L*[0,1].

(

c¢) A sequence {a;;} of real numbers such that

o0 o0 o0 o0
PIPIIEDIPIT
i=1 j=1 j=1 i=1

4. Let E C R be such that the Lebesgue measure p(E) = 0. Prove that the

interior of E is an empty set.
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5. Let N be the set of natural numbers and let P(N) be its power set. Let
A:P(N) — [0,00] be defined by

{ 0 if E is a finite subset of N
00

if E is an infinite subset of N.

Prove or disprove that A is a measure.

6. Let f:[0,%] = [0,00) be defined by
{ 0 if x=0

otherwise.

Is f Lebesgue integrable on [0, 7] 7 Justify your answer.

7. Let f be a nonnegative Lebsegue integrable function on [0,1]. For = € [0, 1],
define

f
F(x) = / ﬁdy.
[0,1]

Show that F € L'[0,1].
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8. Let E =[0,00) and let f, : E — R defined by

2
n1/4e z°n

falz) = 1+ 22

(a) Prove that f, € L'(E);
(b) find lim [ fa(2)da.

9. Let E = [0,2] and let f : E — R be a nonnegative measurable function.
Suppose lim [, f"(x)dp exists and is finite. Prove that u({z € E: f(x) > 1}) =0
n—o00

10. Let f,, : [0,1] — R be defined by

nl.n—l

fo(x) = Sy for all z € [0,1] and n € N.

Show that
lim fol fo(z)dz = %.

n—o0
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Joint Program Exam, October 1991
Real Analysis

INSTRUCTIONS

You may take up to 3.5 hours to complete the exam. Completeness in your
answers is very important. Justify your steps by referring to theorems by name when
appropriate. An essentially complete and correct solution to one problem will gain

more credit than solutions to two problems each of which is ”half correct”.
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DO 8 OF THE FOLLOWING 9 PROBLEMS.

1. Let
sin L for0<z <1
f@y={"""
0 for x=0
Show that (a) f is bounded and continuous on [0,1].

(b) f in not a function of bounded variation on [0,1].

2. Suppose that f is a continuous on [-1,1]. Show that

o[
JEEJ/_L f(t)dt = £(0).
3. Evaluate:
2/2(1 — Vsinx)" cos zdz.
n=0"0

(Justify your work)

4. Construct a sequnece of continuous functions f,, on [0,1] such that 0 < f,, <1,
1

lim fn(l‘)dl‘ =0,

n— 00 0

and yet the sequence {f,(x)}5°, converges for no z € [0, 1].

5. (1) Let f be a step function on a bounded interval [a,b]. Then prove that

(%) lim [ f(z)sin(nz)dz =0.

n—0o0
a

(2) Let f be a bounded measurable function on [a,b]. Then prove (k)

(3) Let f be an integrable function on (—o0,00). Then prove (x).
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6. (1) Prove that f(t) = 7 is a bounded function on (—o0, 00).
(2) Let

oz

1+ n%a?

fa(z) (x €[0,1],n=1,2,--)

Then prove that f,(x) does not converge uniformly on [0,1].
(3) Find lim [ f,(z)dz if it exists.
n—o0

7. Define f,,n=1,1,---on [0,1] by

fn(x) =

« : 1

0 otherwise,

where « is a constant such that 1 < o < 2

(1) Is there any integrable function ® on [0,1] such that, for all n=1,2,- - -,
0 < fu(z) < ®(z) for all z € 0,1]?

(2) Find lim [} fa(w)da if it exists.

8. (1) Prove the Cauchy-Schwarz inequality for L*([0,1])
() | o f@)ga)de] < \/ [} fla)2day/ [ gla)2de  (£g€L2((0, 1]).Eg.are real).

(2) Prove that if the equality holds in (*) there exist a,b € R,a® + b* # 0
such that af(z) = bg(z) a.e. x in [0,1].

(3) Let f > 0 be Lebesgue measurable on [0,1] and
1 1 1
2d — 3d — 4d
[ ey = [ (@ya = [ et <o
Use (1) and (2) to show that f = f? a.e.

9. Assume that f € LP(—o00,00) for some 1 < p < co. Define a(t) = u({x € R :
|f(x)] > t}) for 0 < t < oo where p denotes Lebesgue measure. Let

E={(z,t) e R*:0<t<|f(x)]}.



26

Then show that

/_oo |f(z)|Pdr = /Ooopt”la(t)dt.

o0

[Hint: Compute [7_ [ pt*~txg(z, t)dtdz, where xp is the characteristic function
of E.]
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Joint Program Exam, May 1992
Real Analysis

INSTRUCTIONS

You may take up to 3.5 hours to complete the exam. Completeness in your
answers is very important. Justify your steps by referring to theorems by name when
appropriate. An essentially complete and correct solution to one problem will gain

more credit than solutions to two problems each of which is ”half correct”.

DO any 8 of the 9 problems given. Be sure to indicate which 8 are to be graded.

”

Notation: Throughout the exam, the symbol ”u(E)” refers to Lebesgue measure

on the set E. Also the symbol "R” stands for the real numbers.



28

1. Let f:[1,00) — R be function defined by f(z) = \/x. Show that
(a) f is absolutely continuous on [1,4];
(b) if A C [1,00) and p(A) = 0, then p(f(A)) =0.

2. Let A be an open and bounded subset of R?. Then prove that there exists a
sequence {K,} of compact sets such that for each n € N,
(i) K, C Ky41, K, C A and
(ii) lim pu(Ky) = pu(A).
3. Let f € L'(R). Show that

lim [ (sin(x))" f(z)dz

n—o0 R

exists and determine its value. Justify all your assertions.

4. Let f € L*(R). Prove that the function F(z) = [ f(¢)dt is continuous.

5. Let f :[1,00) = R be a continuous function such that f(z + 1) = f(x) for all
x > 0. Then show that

1 1
lim 2xf(nx)dx:/ f(z)dz
0

n—0o0 0

6. Let f: R — R be a function defined by

f(x):{ vn ifn<z<n+1/n’ ,neN

0 otherwise

Show that f is Lebesgue integrable on R but f? is not.

7. Show that

1 2
2
lim Vnx + 2nx

=0
n—oo J 1+ (nl‘)3 Tt

8. If f is of bounded variation on [0,1], show that

/0 ] < V0,1,
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Show that if equality holds in this inequality, then f is absolutely continuous on [0,1].
(V]0,1] denotes the variation of f over [0,1])

9. Let f € L'(R) and let

1 x+h
on(r) = o / (o>

Prove that ¢, is Lebesgue integrable on R and that ||¢s|l1 < ||f]]1-
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Joint Program Exam, May 1993
Real Analysis

INSTRUCTIONS

You may take up to 3.5 hours to complete the exam. Completeness in your
answers is very important. Justify your steps by referring to theorems by name when
appropriate. An essentially complete and correct solution to one problem will gain

more credit than solutions to two problems each of which is ”half correct”.

Notation: Throughout the exam, the symbol "m(E)” refers to Lebesgue measure
on the set . We use symbols "dm” and ”dx” interchangeably. Also the symbol "R”

stands for the real numbers.
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DO 8 OF THE FOLLOWING 10 PROBLEMS.

1. Suppose f,g are integrable on (0, 00) and that, for all » > 0,

/Orf(x)d;r _ /Org(ﬁ)dx.

Prove that f(x)=g(x) for almost all z > 0.

2. Let f € L*(R) i.e. fis square-integrable. Prove that

n+1
lim f(zx)dz = 0.

n—00 n
3. Prove or disprove the following statement. Suppose {f,} is a sequence of
Lebesgue measurable functions on R such that
(i) fu(x) converges for all = € R,
(ii) 0 < fu(x) < 1 for all x, and [ f,(x)dz is bounded.
Then

(iti) lim [ fo(z)dm = [*_ lim f,(z)dm.
n—00 n—00
4. Evaluate

a2
_ 00 o—lz[*/n
lim 5
n—00 J_ o 1+ x

Justify your assertions.

5. Prove that
(a) fob %dx < oo for every 0 < b < o0
(b) f;* 5de = oo

6. A function f(x) is Lipschitz on R if there is a number M < oo such that

|f(z) — f(y)] < M|z —y|,for all x,y € R.
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Prove that f(x) is Lipschitz if and only if f(x) is absolutely continuous and its deriva-

tive is bounded almost everywhere.

7. (a) Find a set E C R such that m(E) > m(FE).

(b) Find a set E C R such that m(int(E)) < m(E).
Here, E is the closure of E and int(F) is the interior of F.

8. Suppose f(x) and g(x) are Lebesgue measurable functions on [0,1]. Prove the
following generalization of Holder’s inequality:
if 5+ 4 =17 1<pq<oo, then [[fgll < [[fllyllglls-

Here || fll, = [ [} |/ (x)[Pda]>.

9. Let r, be an enumeration of rational numbers in R.
(a) Show that R\ U2, (r, — 2,7, + =3) is never empty.
(b) Show that R\ U2, (r, — +,7, + ) can be empty or non-empty,depending

on how the rationales are enumerated.

10. By integration e~*¥ sin x with respect to x and y, show that

"sinx T

de = —.
2

lim
n—oo /g x

(You may assume the results in 5.)
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Joint Program Exam, September 1993
Real Analysis

INSTRUCTIONS

You may take up to 3.5 hours to complete eight of ten problems give. Don'’t
turn in more than eight (or else indicate clearly which problems are to be graded).
Completeness in your answers is very important. Justify your steps by referring to
theorems by name when appropriate. An essentially complete and correct solution
to one problem will gain more credit than solutions to two problems each of which is
"half correct”.

Notation: Throughout the exam, m denotes Lebesgue measure. Sometimes dm(x)

or dm(t) indicate also which variable is the integration variable.
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1. Suppose that f is a nonnegative, Lebesgue measurable function on [0,1]. Prove
that

lim fdm
n—o0 [0,1]

exists (as a finite number) if and only if m({z € [0,1] : f(z) > 1}) =0.

2. Compute
log(1
lim / Mdm(x).
n—00 (1,00) 1 +x logn
Justify all your assertions.
3. Prove or disprove the following statement:

Let the functions f, be in L'([0,1],m) for n = 1,2,--- Assume that f,(z) — f()

a.e. with respect to m and that
/ fuldm = [ 1f]dm < .
[0,1] [0,1]
Then
/ f— fldm — 0.
[0,1]

4. Let p be a measure on a measurable space X and assume that 1 < p <r <

g < oo. Prove that
LP(X, ) N LY(X, p) C L7(X, ).

5. Prove that

/ V1 +sinzexp(—z)dm(z) < %
[0,00)

6. Let f € L'([0,00),m). For z > 0 define the function F as follows

Fla) = / F(t) exp(a — £)dm(t).
[7,00)
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Prove directly that F € L'([0, 00), m).
7. Let f be a nonnegative, Lebesgue measurable function on R and let a(y) =
m({z € R: f(x) > y}) for all y > 0. Show that for 0 < p < o0

[ tapdniz)=p [ v i)
R [

0,00)
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8. Prove or disprove the following statement:

Let f,(x) be Lebesgue measurable function on [0,1] such that

fi(@) > fa(z) > -+~ >0.

Then lim,, ., fn(x) exists and

lim fndm = lim f,dm

9. Prove or disprove the following statement:
If ¢ is a convex function on (a,b) and f is an integrable function such that a < f(z) < b

for all x in a measure space (X, p) then

w(/deu)S/X(soOf)du.

10. Let X ={0,1} and 0 < t < 1. Define a measure p on X by ©({0}) = ¢ and
pu({1}) =1 —t. Show that

i 171, = exi ([ log 1)
p—0 X

if f € L>®(X,pn). (Here we used the definitions log(0) = —oo and exp(—o0) = 0.)
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Joint Program Exam, May 17, 1994
Real Analysis

INSTRUCTIONS

You have up to three and a half hours. You may attempt all of the nine problems.
Solving seven of the nine problems given will give a full score.

Completeness in your answers is very important. Justify your steps by referring
to theorems by name when appropriate. An essentially complete and correct solution
to one problem will gain more credit than solutions to two problems each of which is

"half correct”.

Notation: Throughout the exam, m denotes Lebesgue measure and || - ||, denotes

the norm in L? with respect to the measure under consideration.

1. Let {fn}>2, be a sequence of measurable functions on a measure space (X, B, ).
Define the set £ = {x € X|lim f,(x) exists }. Show that E is a measurable set.

2. Suppose E is a bounded Lebesgue measurable subset with m(E) > 0. Prove
that there exist x1,xo € E such that
(a) 1 — xy is an irrational number.

(b) &1 — x5 is a non-zero rational number.

3. Show that

4. Find
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5. Suppose f is Lebesgue integrable on R. Define
o) = [ se 7y,

(a) Show that h(x) is well defined for each real x and |h(z)| < [|f]]1-
(b) Show that h(x) has limits as * — £o00 and compute these limits.
(c) Show that h is differentiable at every point and give a formula for the deriva-

tive. What about higher derivatives?

6. Let f be an essentially bounded Lebesgue measurable function defined in [0,1].
Show that limy, o || fll, = || |-

7. Suppose f is Lebesgue integrable on R. Let

z+h
on(x) = %/_h f(t)ydt, h>0.

(a) Prove that ¢, is integrable and ||¢p||1 < || f]|i-
(b) Show that ||¢, — f|l1 — 0 as h ] 0.

8. Suppose f is Lebesgue integrable on R and let
_ [ty

Show that g € LP(R) for every p, 1 < p < oo, and estimate ||g||, in terms of || f]];.

9. Suppose f;,7 = 1,2, are all Lebesgue integrable on R, that f; — f a.e. as
j — 00, and that || f;||1 = A as j — oo.
(a) Show that f is integrable on R and that ||f — f;[[i = A — || f]]1.
(b) Must A = || f]|1? Give proof or counterexample.
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Joint Program Exam, September 13, 1994
Real Analysis

INSTRUCTIONS

You have up to three and a half hours. You may attempt all of the nine problems.
Complete answer to seven of the the nine problems will give a full score.

Completeness in your answers is very important. Justify your steps by referring

to theorems by name when appropriate. An essentially complete and correct solution

to one problem will gain more credit than solutions to two problems each of which is

"half correct”.

Notation: Throughout the exam, m denotes Lebesgue measure. Sometimes dm(x)

or dm(t) indicate also which variable is the integration variable.
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1. Let E C R be a Lebesgue measurable set with a positive measure. Show that
for 0 < o < 1, there exists an open interval I such that m(E N 1I) > am([).

2. Prove that

[ s
" x

3. Let {f.} be a sequence of integrable functions such that f, — f a.e. Suppose
that f is an integrable function. Show that [ |f — f,|dm — 0 if and only if

[ 15ddm [ 17idm.

4. Let (X, M, pu) be a measure space with a positive measure p and I = [ty, t5].

of(z,t)
ot

Suppose that the functions f(-,¢) are measureable and that exists for every

t € I and almost every x € X (with respect to u). Furthermore, assume that there

isa g e L'(X,u) such that |8f @) | < g(z) almost everywhere (with respect to ).
Prove that

S FC = d

dt/Af(,)u Rl
for all A € M.

5. Let (X, M, pu) be a measure space with a positive measure p. Let f be a
nonnegative function on X such that for any positive integer n there are two mea-
surable functions gn and h, such that g,(z) < f(z) < hy(x), for all z € X, and
[ (hn — gn)dp < L. Prove that f is measurable and that

/dem/%m
X n—oo X
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6. Prove that if f and g are absolutely continuous on [a,b], then so is fg, and

/ (g + Fg)dz = F(B)g(b) — F(a)g(a).

7. Let f*g(x) = [, f(x —y)g(y)dy, where f € L'(R) and g € L'(R).
(a) Show that f * g is well defined and in L'(R).

(b) Show that if f is continuous with compact support, then f x g is continuous.

8. Let
x?sin(1/x), x #0
foy = { X7
and
2sin(1/2? x #0
g(x):{ff)s (1/2%), on

Which of the above functions is of bounded variation on the interval [-1,1]?
Justify your assertions.

9. Suppose f and g are two positive measurable functions on [0,1] such that
f(z)g(z) > 1, for all z € [0,1]. Prove that

(fy f(@)dz)(f, g(z)dz) > 1.



42

Joint Program Exam, May, 1995
Real Analysis

INSTRUCTIONS

You have up to three and a half hours. You may attempt all of the 10 prob-
lems. Full credit will be awarded for answering any 8 of the 10 problems given.
Completeness in your answers is very important. Justify your steps by referring to
theorems by name when appropriate. An essentially complete and correct solution
to one problem will gain more credit than solutions to two problems each of which is
"half correct”.

Notation: Throughout the exam, m denotes Lebesgue measure and || - ||, denotes

the norm in L? with respect to the measure under consideration.
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1. Let {f,}>°, and f be in L'[0,1]. Suppose that f, — f a.e. on [0,1] and
I fulli = [|fl:. Show that || f,, — f]l1 — 0.

2. Let £'=[0,1] x [0,1] and f(z,y) = gz7tss for 0 <,y < 1 and 0 otherwise.
Show that f ¢ L'(F).

3. Suppose that f, — f in L'[0,1] and suppose that h : R — R is continuous.
Prove or disprove: ho f, — ho f in L'[0,1].

4. Let f be nonnegative a.e. on [0,1] and satisfy f" € L'[0,1] for alln =1,2,-- -
Suppose that Limsup,||f"||1 < oo.
Prove that f(x) <1 for a.e. x in [0,1].

5. Show that

f(x):{ xsini, x#0

0 z=0

is not absolutely continuous on [0,1].

6. Assume that {f,} and f are measurable on [0,1] and that f,(z) > 0 a.e..
Suppose that f, — f a.e. on [0,1]. Show that fol fulz)e @ dy — fol f(z)e 7@ dg.
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7. A function f : R — R is called Lipschitz on R if there exists a constant M,
such that for all x,;y in R, |f(x) — f(y)| < M|z — y|. Prove that if f is Lipschitz on
Rand if E C R satisfies m(E) = 0, then m(f[E]) = 0. (Note: f[E] ={f(e) :e € E}.)

8. (a) Use Fubini’s theorem on R x R to give a sufficient criterion that for an
array of real numbers, {a;;}75_;, we have 7%, (3°7° aij) = 377, (3.7, aij)-
(b) Give an example of real numbers {a;;}75_,, for which the sums in (a) are

not equal.

9. Let N denote the positive integers. Define E' = {z € [0,1] : [z — B[ < q%, for
infinitely many (p,¢) € N x N}. Show that m(E)=0.

10. Let M be a subspace of L?[0, 1] with the following property; there is a con-
stant C so that if f € M, then |f(x)| < C| f]|2 for a.e. x € [0,1]. Let fi, fo, -+, fu
be an orthonormal set in M.

(a) Show that Y |f;(x)|> < C? for a.e. z € [0,1].
=1

]_

(b) Show that the dimension of M is bounded above by C?.



Joint Program Examination
Real Analysis
Fall 1995

Time: Three and One Half Hours

Instructions: Completeness is your answers is very important. Justify your
steps by referring to theorems by name when appropriate. An essentially
complete and correct answer to one problem will gain more credit than
solutions to two problem, each of which is only “half-correct”.

Full credit will be awarded for answering correctly any eight of the ten
problems given.

Notation: R denotes the set of real numbers, m(FE) refers to the Lebesgue
measure of the set £ C R, and “a.e.” means almost everywhere with respect
Lebesgue measure.



Question 1 Let {f,}22; be a sequence of nonnegative functions on [0, 1]
which converge pointwise to f, and suppose that f,, < f for each n. Prove

that
/fdm: lirlgn/fndm.

Question 2 Let f € L'(R), and define

o@) = [ fam.

Prove that g is continuous.

Question 3 Evaluate:

;;/pr (1 — m)ncosxda:.

Question 4 Evaluate:

o
lim nsin(z/n)

———dx.
n—oo Jj x(1+$2) o

Question 5 Let N denote the positive integers, and let o > 2 be a real
number. Define

E={xc[0,1]: |z —p/q| < ¢ * for infinitely many pairs (p,q) € N?}.

Prove that m(E) = 0.

Question 6 Let E be a subset of R, and let 0 < o < 1. Prove:
(a) I m(ENI)>am(l) for all open intervals I C R, then m(FE) = oo.

(b) If m(ENI)<am(I) for all open intervals I C R, then m(E) = 0.



Question 7 Let f € L'([0,1]) and suppose f is nonnegative. Show that

L)
/0 ’ 1/2 dy

x—yl

is finite for a.e. z € [0, 1].

Question 8 Suppose that f is a nonnegative and absolutely continuous
function on [0, 1]. Prove or disprove: \/f is absolutely continuous.

Question 9 Let f and g be nonnegative functions on [0, 1] satisfying

fg>1.

1 1
/ fdm-/gdle.
0 0

Question 10 Let f € L>°([0,1]). Prove that ||f||, — [|fll,, as p — occ.

Prove that



Joint Program Exam, May, 1996

Real Analysis

INSTRUCTIONS

You have up to three and a half hours. You may attempt all of the 10 prob-
lems. Full credit will be awarded for answering any 8 of the 10 problems given.
Completeness in your answers is very important. Justify your steps by referring to
theorems by name when appropriate. An essentially complete and correct solution
to one problem will gain more credit than solutions to two problems each of which is

"half correct”.

Notation: Throughout the exam, m denotes Lebesgue measure and || - ||, denotes
the norm in L? with respect to the measure under consideration and ”measurable”

and "integrable” refer to Lebesgue measure when no other measure is indicated.



1. In each of the following prove the statement if it is true, or provide a counter-
example if it is false:
(a) Let E = [0,1]; then L*(E) C L'(E).
(b) For every sequence {E,} of real, measurable sets

m( U, E,) = lim m( U, E,).

N—oo

(c) Let f: R — R is non-negative and integrable, then f is bounded.

2. Let f: R — R be measurable. Define g : R — R by.

0, if f(x) is rational
g(w) =

1 otherwise.

Y

Show that g is measurable.

3. Let p represent counting measure on the real numbers; that is, if £ C R, then
either p(F) is the number of elements in E, if E is a finite set of points, or (EF) = oo,
if E is an infinite set.

(a) Give a simple characterization of what it means for a function f : R — R to
be integrable with respect to p.
(b) What set inclusions hold among the spaces LP(R, i), with p > 17

4. Let {f,} b e a sequence of non-negative measurable functions on [0,1]. Suppose
that
(a) lim,, o fn(x) a.e. in [0,1], and

(b) for all n and some constant K

1
/ fndm < K.
0

Show that f € £'[0,1] and [} |f|dm < K.



5. Forx € Rand n=1,2,... let

Prove that o
lim fo(@)e™2dz = 2.

n— 00 0

(You may assume without proof that lim f,(z) =e™*.)
n—o0

6. Let f : R — R be measurable, and continuous at x. Prove that f is integrable

on a neighborhood of x and

I 1
hl—r>rtl)h

[ st =50,

7. Suppose that the function f : [0,1] — R is integrable and that, for all
r € [0,1], f; fdm = 0. Prove that f = 0 almost everywhere.

8. Show that if & > 0, the function f(z) = z® is absolutely continuous on every

bounded subinterval of [0, c0).

9. Let f : R — R be integrable. Define a function Let g : R — R by

{f(x_%)a ifX%O
0, if x = 0.

Prove that g(—1/z) = g(z) for x # 0, and

/Rfdm:/Rgdm.

10. Use the Fubini theorem and the relation
]' > —xt
— = e "'dt (x> 0)
0

X

to prove that

lim
A—o00 0 T 2

Your use of the Fubini theorem should be carefully justified.



Joint Program Exam, Fall 1996

Real Analysis

INSTRUCTIONS

You have up to three and a half hours to complete the exam. Completeness
in your answers is very important. Justify your steps by referring to theorems by
name when appropriate. An essentially complete and correct solution to one problem

will gain more credit than solutions to two problems each of which is ”half correct”.

Notation: Throughout the exam the symbol ”u(FE)” refers to Lebesgue measure

of the set ¥ and "R” stands for the real numbers.



1. Let E = {x € [0,1] : z = 0.a1a9a3 - --,a,, = 2 or 3} and 0.ajasas - -~ denotes

the decimal expansion of x. Show that E is measurable and compute its Lebesgue
measure.

2. Let E be a subset of [0,1] with Lebesgue measure, ;(E) = 0, and let g : [0,1] —
R be absolutely continuous. Show that plg(E)] = 0.

3. Let : (0,1) — R be defined by

{ L if = ™ is rational in lowest term

if x is irrational.
Show that:

E={z € (0,1) : h is discontinuous at x} has Lebesgue measure zero;

4. Let f be a nonnegative integrable function defined on a set E. Show that the
Lebesgue measure

p{z € E: f(r) = 4o0}) =0
5. Compute ,
lim e " dul(t).

n—oo [o 1
n

Be sure you justify all steps.

6. Let f(x) be defined by

Prove that lim fol [cos(7 f(x))]*"du(x) exists and find its limit.
n—0o0



7. Let f:]0,1] > R

0, if x is rational

T, otherwise.

(i) Prove or disprove that f is of bounded variation on [0,1];
(ii) Is it true that fis in L'[0, 1], but not in R[0,1]? Justify your answer

(R]0,1] denotes the set of Riemann integrable functions)
8. Let E=[0,1], and let fi, f € L'(E), for each k € N. Suppose

(a) fe(z) — f(x) a.e. on E; and
(b) [ felli = || f]l1 as & — oo.

Show that kll)m [ | fe(2) = f(x)|du(z) = 0.



JOINT PROGRAM EXAM
REAL ANALYSIS
May 1997

Instructions: You may take up to three and a half hours to complete
the exam. Completeness in your answers is very important. Justify
each of your steps by referring to theorems by name if appropriate or
by providing a brief statement of the theorem.

An essentially complete and correct solution to one problem will
gain more credit than solutions to two problems each of which is “half
correct”.

Full credit can be gained with 8 essentially complete and correct
solutions.

Notation: By LP(u) we denote the Lebesgue spaces associated with
a measure space (X, p). Lebesgue measure on R and its subsets is
denoted by m. If X is a subset of R and p = m we use the notation
LP(X) instead of LP(p). We write ¢? for the Lebesgue spaces associated
with the counting measure on N.

1. Give an example for each of the following objects or a brief expla-
nation why it does not exist.

(a) A set A of real numbers which is not Lebesgue measurable but
for which the set B = {z € A : z is irrational} is Lebesgue
measurable.

(b) A function on R which is Lebesgue integrable but not Riemann
integrable.

(c) A sequence f,, of functions in L'(]0, 1]) which converges point-

wise to zero but satisfies fol fndm = 1.

1



10.

State Fatou’s Lemma and the Dominated Convergence Theorem.
Prove them using the Monotone Convergence Theorem.

Suppose f € L'(u). Prove: for every € > 0 there is a § > 0 such
that | [, fdu| < & whenever u(E) < 6.

Let f be absolutely continuous in [d, 1] for each 6 > 0 and contin-
uous and of bounded variation on [0, 1]. Prove that f is absolutely
continuous on [0, 1].

Evaluate
1 22
li dx.
el o 22+ (1 —nx)? ‘
Find a function f on (0,00) such that f € L?((0,00)) if and only

ifl<p<2.

Show that the product of two absolutely continuous functions on
the interval [a,b] is absolutely continuous. Use this to derive a
theorem about integration by parts.

(a) If g € L*(R) show that there is a bounded measurable function
f on R such that ||f||s > 0 and

/mm:mwmw
R

(b) If g € L*(R) show that for each € > 0 there is an integrable
function f on R such that

4mmzmm—mmy

Suppose 1 < p < ¢ < 0o. Prove or disprove:
(a) L7([0,1]) < L2([0, 1]).
(b) ¢» C ¢1.

Suppose f € L'(R) and define
/f y) exp(—(z — y)*)dy.

Show that g € LP(R) for every p € [1,00] and estimate | g/, in
terms of || f|;. (Note that [, exp(—a?)dz = /7.)



JOINT PROGRAM EXAM
REAL ANALYSIS
FALL 1997

Instructions: Instructions: You may take up to 3% hours to complete the exam.
Completeness in your answers is very important. Justify your steps by referring to
theorems by name, when appropriate, or by providing a brief theorem statement. An
essentially complete and correct solution to one problem will gain more credit, than
solutions to two problems each of which is “half correct”.

Notation: Throughout the exam, R stands for the set of real numbers.

1. For a measurable subset E of R"™, prove or disprove:
(a) If E has Lebesgue measure 0, then its closure has Lebesgue measure 0.
(b) If the closure of E has Lebesgue measure 0, then E has Lebesgue measure
0.
2. (i) Prove that convergence in L' implies convergence in measure. (Give a precise
statement, then prove it.)
(ii) Is the converse true?
3. Denote the ternary Cantor set in [0,1] by C. Let f :[0,1] — R be defined by

0, zeC
J@) = {.%'2, x g C.

Prove that f is a Lebesgue measurable function.
4. Show that the hyperelliptic integral
/ o xdx
: V@ - )@ - D@ -2

converges to the elliptic integral

/200 V@ —dfxx —2)

when € tends to zero.



. Show that .
/1 212 - §
o W=27) =5

Z/ (1—eH)e dt.
n=0 1/2

. Either give an example of the specified mathematical object or quote a theorem
that proves that no such object can exist.
(i) A sequence f,, of functions converging to 0 uniformly on [0, 1], but such that

. Evaluate

fol fudm > 1 for all n (here m denotes the Lebesgue measure).

(ii) A sequence f, of functions converging to 0 uniformly on R, but such that
Jz fadm > 1 for all n (here m denotes the Lebesgue measure).

(iii) A sequence f, of positive functions converging pointwise to a function f
such that liminf [ f, < [ f.

. Let ¥ denote the o-algebra of subsets of R generated by the set {0} (i.e. ¥ is
the smallest o-algebra in 2%, which contains {0}).

(i) Prove that every E € ¥ is Lebesgue measurable.

Let u denote the restriction of the Lebesgue measure m (on R) to 3 [i.e. VE €
Y u(E) =m(E)]. It is easy to show (you do not have to!) that u is a measure
on Y.

(ii) Determine the dimension of L*(R, ).

Help: ¥ is so 'small’ that one can list its elements.



Joint Program Examination in Real Analysis

May 1998

1
Instructions: You may use up to 3 5 hours to complete this exam. For each problem which

you attempt, try to give a complete solution. Completeness is important: a correct and
complete solution to one problem will gain more credit than “half correct” solutions to two
problems.

Justify the steps in your solution by referring to theorems by name, when appropriate.
(If you cannot remember the name of a theorem but do remember the statement, you may
give the statement instead). When you refer to named theorems (e.g., Fubini’s Theorem or
the Monotone Convergence Theorem) in a problem, you do not need to reprove the named
theorem.

Throughout this examination, the symbol R denotes the real numbers. When dz is used
in integration, the measure will be Legesgue measure on the real numbers.



Part 1.

For each problem below, a correct solution consists either of an example, as called for
by the problem, or an explanation why no such example exists. The explanation should
generally refer to a known theorem.

DO 4 OF THE PROBLEMS IN PART ONE.
1. A sequence, f,, of functions in L'[0,1] such that |f,(z)| < 1 for all x and for all n,
1
lim f,(x) =0 for all z, and lim [ f,(x)dx=1.

n—oo 0
2. A sequence, f,, of functions in L'[0, 00| such that |f,(z)| < 1 for all z and for all n,

lim f,(z) =0 for all z, and lim fn(z)de = 1.

n=eeJo
3. A subset S of R with Lebesgue measure 0 whose closure S has non-zero measure.
4. A bounded Lebesgue measurable function f on [0, 1] which is not Riemann integrable.
5. A sequence (r,) which is in ¢1*¢, for all € > 0, but which is not in ¢!.

6. An absolutely continuous monotonic function defined on [0, 1] such that f(0) = 0,
f(1) =1, and f'(t) = 0 a.e. on [0, 1].

Part 11I.

Try to give a complete solution for each of the problems which you attempt in this part.

DO 5 OF THE PROBLEMS IN PART TWO.

1. Let 1 <p<q< oo. Show that L?]0, 1] is a proper subset of LP[0,1]. (Be sure to show
that the containment is strict.)

2. A function f defined on R is said to satisfy a Lipschitz condition if there is a constant
M such that, for all z,y € R,

[f(z) = f(y)] < M|z —y].

Prove that if f satisfies a Lipschitz condition, then there exist monotone functions h
and ¢ such that f(z) = h(z) — g(x), for all .

2



ot

Let A C [0,1] be a non-measurable set. Let B = {(x,0) € R? | z € A}.

(a) Is B a Lebesgue measurable subset of R?? Prove your answer.

(b) Can B be a closed subset of R? for some such A? Prove your answer.

Evaluate the following limit and justify your calculations.

lim nsin(x/n)

———=dx.
n—oo J gj(l =+ xz) t

Let (X, M, pn) be a measure space with u(X) < oo. Suppose that f: X — R is

measurable and satisfies || f||o < 00. Show that

T 11l = I

Prove or disprove each of the following:

(a) Let —oo < a < b< oo and let f and g be absolutely continuous on [a,b]. Then fg

is absolutely continuous on [a, b].

(b) Let f and g be absolutely continous on R. Then fg is absolutely continuous on R.

Let f and g be integrable functions defined on R. Assume that f(¢) > 0 and ¢(t) > 0,

for all t € R. The convolution of f and ¢ is defined as follows:
frot)= [ 1= )gla)do
R
Prove that f * g is integrable and that ||f x g||l1 = || f]]1 [|9|lx

Let f: R? — R be defined by

L,

flz,y) =2(x — y)e~ @ u(z), where u(z) = {0

ifxz>0
if x <0.

You may use without calculation the following two facts: / { / flx,y) dy] der =0
R /R

and /R{/Rf(x,y)dx] dy = /7.

Determine the value of the integral: / |f(x,y)| dx dy. Justify your answer.

R2



9. Show that

(a) z 'sinz ¢ L'0, o0, that is

ol .
/ | sin x| dr = oo
0 x

Aging

lim dxr exists and is finite.
A—o00 0 x



JOINT PROGRAM EXAM
REAL ANALYSIS
FALL 1998

Instructions: You may take up to 3% hours to complete
the exam. Completeness in your answers is very important.
Justify your steps by referring to theorems by name when
appropriate, or by providing a brief theorem statement. An
essentially complete and correct solution to one problem will
gain more credit than solutions to two problems each of which
is half correct.

Notation: Throughout the exam the symbol “u(E)” refers to
Lebesgue measure of the set £. Also the symbol “R” stands
for the real numbers. When dz is used in integration, the
measure will be the Lebesgue measure on the real numbers.



DO THE FOLLOWING 8 PROBLEMS
Note: Make sure that you carefully justify your claims.

1. Let E be a measurable subset of R. Suppose there exists
a number ¢ € (0,1) such that

uw(ENT) < cu(l)
for all intervals / in R. Show that p(E) = 0.

2. Evaluate the following limit and justify each of your steps.

lim/ In(1 + nx) e
1

n—o00 14+ 22lnn

3. Let f € LYR) and g € L°(R). Define

/fx—t

[Pl < [I.f [l oo-

Show that

4. Let f,{fr} € L* Suppose (i) fr — f a.e. and (ii) || fx|l2 —
| f]l2. Show that

If = fella—0 as k— oc.

5. Let f € L'(0,00). Suppose f > 0 a.e. Define F(t) =
t- 1f0 x)dx. Prove that F' ¢ L'(0,00).



6. Prove or disprove whether there exists a sequence { f,} in
L'[0,1] such that

(i) |fu(z)] < 2 for all z € [0,1] and all n € N;

(ii) fo(x) — 0 a.e. and

(iii) limy, o [} fu(2z)dz = 1/2.

I 1 f =0 for every measurable subset A of a measurable
set F, show that
f=0ae. in E.

8. Let f(t, ) be defined on [0, 1] x R such that f(¢,-) € L'(R).
Suppose there exists g € L'(R) such that

|f(t,z)| < g(x) forall (¢t,x)e€][0,1] xR,

If to € [0, 1] and, for almost every = € R, f(t, ) is continuous
at ty, then show that

F(t) = /R F(t2)da

is also continuous at tg.



JOINT PROGRAM EXAM
REAL ANALYSIS
MAY, 1999

Instructions: You may take up to 3% hours to complete the exam. Completeness
in your answers is very important. Justify your steps by referring to theorems by
name, when appropriate, or by providing a brief theorem statement. An essentially
complete and correct solution to one problem will gain more credit, than solutions to
two problems each of which is “half correct”.

Notation: Throughout the exam the symbol m(FE) refers to Lebesgue measure of
the set £/ and R stands for the real numbers. The notation [, f(z)dz is used for

the Lebesgue integral of f(z), while the Riemann integral is denoted by [y f(z)dz.



1. Prove that if m*(E) = 0, E C R"™, then E is Lebesgue measurable (m*(F) is the
outer measure of E).

2. Let f:[0,1] — [0,1] and f € C'[0,1]. Use the definitions of Lebesgue measure and
Riemann integral to show that the Lebesgue measure of the domain A = {(z,y), 0 <
r <1, 0<y< f(x)} in R?is given by the Riemann integral of f(z), i.e.,

m(A) = [ fa)dr 1)

3. Let f be a fixed non-negative Lebesgue integrable function on R". For any
Lebesgue measurable set £ C R", define u(E) = [ fdx (integral with respect to the
Lebesgue measure on R™).

(i) Prove that p is a measure on the o-algebra M of all Lebesgue measurable
subsets on R"™.

(ii) Give an example of a measure on M, which can not be obtained by the
construction given above. Justify.

4.

(i) Let f : R¥ — R™ be Lebesgue measurable, and g : R™ — R’ be continuous.
Prove that g o f : R¥ — R/ is measurable.

(ii) Prove that any monotonic function on (a, b) is Lebesgue measurable.



5. Let f € C'0,1] and positive. Prove that the Riemann and Lebesgue integrals
coincide, i.e.,

/01 f(x)dx = /[0’1] f(z)dz. (2)

6. Find the limit

lim cos(z™)dx.
n—0J0,1]

Be sure you justify all steps.

7. Let f € LY(R,m) and E; C F5 C ... be measurable subsets of R. Prove that

lim fdx
k—oo JEy,

exists, [ fdz being the Lebesgue integrals.

8. Each of the problems below describes a mathematical object with certain proper-
ties. If the object exists, give an example. If it does not, give a theorem and/or a
short explanation that proves that it does not exist:
(i) An absolutely continuous function f defined on [0,1] and a sequence of subsets
E, of [0, 1] such that
m(f(En))

(ii) A sequence of measurable functions f, : [0,1] — [0, oo] such that

> n.

/ mmmhM>mmﬁ/ Foda,
[0,1] [0,1]
(iii) A sequence of measurable functions f, : [0, 1] — [0, co] such that

/ mmmnm<mmﬁ/ foda,
[0,1] [0,1]

9.

(i) Prove that any function of bounded variation can be represented as a difference
of two nondecreasing functions.

(ii) Prove or disprove: Any function of bounded variation can be represented as a
difference of two strictly increasing functions.



10.
(i) Prove that

w/2
/ vVasinzdr < T
0 2v/2

(Hint: Holder’s inequality ).

(ii)Prove that in fact we have the strict inequality in (3).



Joint Program Exam in Real Analysis
September 14, 1999

Instructions: You may take up to 3% hours to complete
the exam. Completeness in your answers is very important.
Justify your steps by referring to theorems by name when ap-
propriate. An essentially complete and correct solution to one
problem will gain more credit than solutions to two problems
each of which is “half correct”.

Notation: Throughout the exam the symbol p(FE) refers to
Lebesgue measure of the set E, and for simplicity, du(z) will
be denoted by dz. Also the symbols “Q” and “R” stand for
the rational and real numbers respectively.



1. Let f: R — R be measurable. Define h: R — R by

hz) = {0 if f(z)€Q

x otherwise.

(a) Show that the set £ = {z € R : f(z) € Q} is measurable.

(b) Show that h is measurable.

2. Let f be nonnegative and integrable on R. Define ¢ :

(0,00) — R by

o(t) = p({w = f(z) = 1}).
Show that
(i) if 0 < a < b < o0, then ¢ is of bounded variation on
[a, b].
(i) limy— oo to(t) = 0.

(iii) Is ¢ necessarily absolutely continuous on [a, b]? (why?)

3. Let E = [0,00). Prove that lim, . [}, ;75mde exists, and

find its value. Justify all your assertions.

4. Let E =1[0,00). If f >0 on FE and f € L'(E) then prove
or disprove that

lim f(z) = 0.

r—00



5. Let E = [1,00) and suppose f € L*(F) such that f >0

a.e. in F. Define

o(z) = /E f(tyetdt.

Show that g € L'(FE) and

2llglly < [1fl2-

6. Suppose

(i) fa, f € L0, 1];

(i) fu — f a.e. in [0,1];
(i) [[fnlls = 171

Show that ||f, — f|l1 — 0 as n — oc.

7. Let f € L'[0,1] and f > 0. Show that [} —L% - dy is finite

|z —y[2/3

for a.e. x € [0, 1].

8. Let f e LY(R)N L3(R). Prove that f € L?(R).



Joint Program Exam of May 2000 in

Real Analysis

Instructions. You may use up to 3.5 hours to complete this exam. For each
problem which you attempt try to give a complete solution. Completeness
is important: a correct and complete solution to one problem will gain more
credit than two "half solutions” to two problems.

Justify the steps in your solutions by referring to theorems by name, when
appropriate, and by verifying the hypotheses of these theorems. You do not
need to reprove the theorems you used.

Throughout this test a.e. and dx refer to Lebesgue measure on R.






Part 1.
DO 5 PROBLEMS IN PART ONE. MARK THE ONES TO BE GRADED.

For each of the following statements decide whether it is true or false.
Give a succinct proof of your assertion. Sometimes an example may be
sufficient.

1) The function f: R — R defined by

f(x) = {6; z;g

is measurable.

2) If the boundary of Q C R* has outer measure zero, then Q is measurable.

3) The union of two non-measurable subsets of R is never measurable.

4) If f, € LYR), f.(z) < el and f,(r) — 0 for almost every x then
limsup [ f,dx <1.

5) For every finite positive measure p on R there exists a non-negative mea-
surable function f such that for all measurable sets F

u(e) = [ fao.

6) There exist two sequences (a,,) € ' and (b,) € [ such that (a, + b,) is
neither in /! nor in I2.

Part 2.
DO 5 PROBLEMS IN PART TWO. MARK THE ONES TO BE GRADED.

1) Suppose f : [0,1] — R is absolutely continuous and prove that:
(a) f is of bounded variation.
(b) |f] is absolutely continuous and

d
%|f($)|

< [f' (=)l a.e.



2) It is easy to guess the limit

lim (1 — £>n "2 dz.
0

n—oo n
Prove that your guess is correct. Be sure to justify all steps.

3) Find a function f € L'(R) which does not belong to any LP(R) with
p > 1.

4) Suppose f(x) and xf(x) belong to L'(R). Prove that
fo) = [ e foy o
is differentiable and that
0 = [
T = .

5) Let (an)n>0 be a sequence of non-negative real numbers and for each ¢t > 0
let N(t) = #{n: a, > t}. That is, N(¢) is the number of integers n for which

a, > t. Show that .
> an —/ N(t)dt.
0

n>0

Hint: If a, is considered as the area of a suitable rectangle in R? then the
left side becomes an integral over R?.

6) While preparing for his class, Prof. N. read the following definition of
the Lebesgue integral |[ i Jdp of a bounded measurable function f over a
measurable set F of finite measure.

“Let fr be any sequence of measurable simple functions on E that con-
verges uniformly to f (a function being simple if and only if it achieves only

finitely many values). Then [ pfdu = limy, oo || 1 frdp (for simple functions
the integral has already been defined).”

Being shaky on the concept of uniform convergence, Prof. N. decided
to simplify the definition by dropping the word ”uniform” from it. Which
bounded measurable functions have an integral according to Prof. N.’s defi-
nition? Prove your assertion.



Joint Program Exam, May 2001

Real Analysis

Instructions. You may use up to 3.5 hours to complete this exam. For each
problem which you attempt try to give a complete solution. Completeness
is important: a correct and complete solution to one problem will gain more
credit than two "half solutions” to two problems.

Justify the steps in your solutions by referring to theorems by name, when
appropriate, and by verifying the hypotheses of these theorems. You do not
need to reprove the theorems you used.

Throughout this test m,, denotes Lebesgue measure on R" and ‘measur-
able’ is short for ‘Lebesgue-measurable’. Instead of dm; we write dx.



Part 1.
DO ALL PROBLEMS IN PART ONE.

1. (a) Does there exist a non-measurable function f > 0 such that /f is
measurable? Justify.

(b) Does there exist a non-measurable subset of R whose complement in R
has outer measure zero? Justify.

(¢) Do there exist two non-measurable sets whose union is measurable? Jus-
tify.

2. (a) Let p > ¢ > 1. Show by example that LP([0,1]) # L%([0, 1]).
(b) Show by example that there exist two functions f € L*(R) and g € L*(R)
such that f + g is neither in L'(R) nor in L*(R).

3. Let f and f,, n =1,2,..., be non-negative measurable functions on [0, 1]
such that f,, converges pointwise to f. Under each of the following additional
assumptions, either prove that fol fndm — fol f dm or show that this is not
generally true. Integrals and convergence are to be understood in the sense
of extended real numbers.

(a) fn > f and f, € L'(]0,1]) for all n,

(b) fu = farr for all m,

(c) fn < f for all n.



Part 2.
DO 4 PROBLEMS IN PART TWO. MARK THE ONES TO BE GRADED.

1. (a) Let ay,...,a, be positive numbers. Prove that their harmonic mean
is bounded by their arithmetic mean, i.e.

(5a) =iz

k=1

(b) Characterize the vectors (ay, ..., a;) for which equality holds in (a).

2. Compute

lim
n—oo Jq +x

Make sure that you justify your answer with appropriate convergence theo-
rems.

3. Let E € R™ be measurable with m,,(E) > 0. Show that L*(E) ¢ L>(E).

4. Let f: R — C be continuous with bounded support, i.e. {z : f(z) # 0}
is bounded, and let g € L'(R). Define the convolution of f and g by

U*m@%=4f@—yM@My (z €R).

(a) Show that f * g is continuous.
(b) If, in addition, f is continuously differentiable, then prove that f x g is
continuously differentiable and (f * g)'(x) = (f' * g)(x).

5. Suppose f € L'(R?) is real-valued. Show that there exists a measurable
set £ C R? such that

/fdm2 = fdm2

E R2\E

6. Suppose that f: R — R is continuous and let
E={(z.y) Ry = f(a)}.

Show that mq(E) = 0.



Joint Program Exam, September 2001

Real Analysis

Instructions. You may use up to 3.5 hours to complete this exam.

Justify the steps in your solutions by referring to theorems by name, when
appropriate, and by verifying the hypotheses of these theorems. You do not
need to reprove the theorems you used.

For each problem which you attempt try to give a complete solution. A
correct and complete solution to one problem will gain more credit than two
"half solutions” to two problems.

Throughout this test m denotes Lebesgue measure on R and ‘measurable’
is short for ‘Lebesgue-measurable’. Instead of dm we write dx.



1. (a) Suppose that A C R, B C R and A x B is measurable in R?. Does
this imply that A and B are measurable in R?

(b) Does there exist a non-measurable A C [0, 1] such that B := {(x,0) €
R :x € A} is a closed subset of R??

2. Let f:[0,1] — R be defined by

0 otherwise

x if x is rational
flz) = {f

(i) Show that f is measurable.

(ii) Prove or disprove that f is of bounded variation on [0, 1].

(iii) Is f Lebesgue integrable, but not Riemann integrable? Justify your
answer.

3. Let £ C R be measurable and ¢ € (0, 1).

(a) Suppose that m(E N I) < em(]) for all intervals I in R. Show that
m(E) = 0.

(b) What can be said about E if m(E N 1) > e¢m([) for all intervals I7?

4. (a) Let f : [a,b] — C and g : [a,b] — C be absolutely continuous. Show
that fg is absolutely continuous and that

(f9)'(z) = fi(x)g(x) + f(z)g'(x) forae. x € [a,b].

(b) Let g be absolutely continuous on [0, 7]. Use part (a) to show that

X

lim sin(kx)g(z) dx = 0.

k—o0 0

5. Let f : R — [0,00) be measurable. Prove that
(a) E:={(x,t) € R x [0,00) : f(x) >t} is measurable in R x [0, 00),

(b) N
/Rf(l") dx :/0 m({z: f(x) > t})dt.



6. Let f:[0,1] — R be absolutely continuous. Prove that the image of any
set of measure zero has measure zero.

7. Compute
k

lim [ (1-— E)ke:‘:/3 dx.

k=00 Jo
Justify your answer with appropriate convergence theorems.
8. Let E = [0,1] and let f, f € L'(E) for each k € N, such that
(i) fe(x) = f(x) ae. on E;
(i) [[fells = [1f1]1 as k — oo.

Show that

k—oo

lim /E ful@) — F(x)] dm(z) = 0.



Joint Program Exam in Real Analysis
September 10, 2002

1
Instructions. You may take up to ~2 hoursto complete the exam. Do seven problems

Notation:

out of eight. Completenessin your answersisvery important. Justify
your steps by referring to theorems by name, when appropriate, or by
providing a brief theorem statement. An essentially complete and correct
solution to one problem will gain more credit, than solutions to two
problems, each of which is"half correct".

Throughout the exam, "R" stands for the set of real numbers. Notation

I f I f(X) dx
suchas Jt0  JILO , etc. is used for Lebesgue integral, while
1 .

Iof(x)dx IO f(x) dx

Riemann integral is denoted etc.



Let f: [0, 1] — R be monotone increasing, that is f(y) > f(xX) whenever y > x. Show
that f has at most countably many discontinuities.

Let f, fi be integrable on [0, 1], k=1, 2, ?. Suppose that f, - fa.e. and
[I6d =~ [l [Ifc=1] =0

[01] 01 . Prove that [01]

lim [’
- TR cneed (L4 x7)"
Find the limit (justify steps): 0

Let f: [0, 1] —» R be Lebesgue—measurable and non—negative, and let m denote one-
dimensional Lebesgue measure.

€)] Show that

fdm= [ m({x0[01]: () >} ct
[0,1] 0

(b) Suppose in addition that there exists a finite constant C such that
m({x[0]]: f(x) >t}) s%
for all t > 0. Show that f s L*([0, 1]) for all s (0,1).

Let f(x,y) = 0 be measurable on R" x R". Suppose that, for a.e. x O R", f(x,y) is finite
for a.e. y. Prove that, for a.e. y O R", f(x)y) is finite for a.e. x.

Denote | = [0, 1]. Let f:1 x1 - R be measurable and such that
U U U U

Ig f(x,y) dyddx =1 Ig f(x,y) dxddy = -1

| 1 B

and . Find the range of values of

H | f(x,y)| dxdy

I x| over all such functions f.

. Show that

w

|:|1 X1/2 dX

o <8
(1-x**0 5

—(y—\s)2
G =[ g(y)e ™ dy
Let g O LY(R) and R . Prove that, for any p [[1,),



< o,

GOLP(R) and estimate ' " P in terms of



Joint Program Exam of May, 2003

in Real Analysis
Instructions:

You may take up to three and a half hours to complete this
exam.

Work 7 out of the 9 problems. Full credit can be gained
with 7 essentially complete and correct solutions.

Justify each of your steps by referring to theorems by name
where appropriate, or by providing a brief theorem state-
ment. You do not need to reprove the theorems you use.

For each problem you attempt, try to give a complete solu-
tion. A correct and complete solution to one problem will
gain more credit than solutions to two problems, each of
which is “half-correct”.

Notation:

R denotes the set of real numbers, m(FE) refers to the
Lebesgue measure of the set £ C R, “measurable” refers
to Lebesgue measure and “a.e.” means almost everywhere
with respect to Lebesgue measure.



2

Problem 1.

Give an example or prove non-existence of such.

(a) A subset of R of measure zero, whose closure has posi-
tive measure.

(b) A sequence (f,,) of functions in L[0, 1] such that f,, — 0
pointwise and yet f[OJ} fodm — oo .

Problem 2.
(a) Let E be a measurable subset of R?. Suppose that, for

a.e. = € R, the set E, «f {y € R : (z,y) € E} has

measure zero in R. Prove that, for a.e. y € R, the set

g {r € R: (x,y) € E} has measure zero in R.

(b) Let A be a non-measurable subset of R? whose inter-

. . .. d
section with the y-axis is not empty. Can the set A &2

{y € R:(0,y) € A} be measurable for some such A?

Problem 3.
Let f € Ll(R) N L”(R). Prove that f € L5(R).

Problem 4.
Let E = [0,00). Prove that lim, . [, 135 de exists, and
find its value. Justify all your assertions.

Problem 5.

Let E be a measurable subset of R, and let f, fi. € LY(F),
k € N. Suppose that f, — f a.e. on E and || fi|l; — || f]l;-
Prove that then f; — f in L'(E).

Problem 6.

Let f € L]0, 1]. Prove that, for a.e. z € [0, 1], f[o 1 \/ﬂ—ﬂ' dm(y)
y r—y

exists and is finite.



Problem 7.

Let f be continuous and strictly increasing on [0, 1]. Sup-
pose that m(f(E)) = 0 for every set £ C [0,1] with
m(FE) = 0. Show that f is absolutely continuous.

Problem 8.
Let f be integrable on [0,1]. Prove that there exists ¢ €
0, 1] such that f[o g fdm = f[c y fdm.

Problem 9.
Let f be a Lebesgue measurable function on R. Show that:

[t am =3 [ w1 > ) at



Joint Program Exam, May 2004

Real Analysis

Instructions. You may use up to 3.5 hours to complete this exam. For each
problem which you attempt try to give a complete solution. Completeness
is important: a correct and complete solution to one problem will gain more
credit than two "half solutions” to two problems.

Justify the steps in your solutions by referring to theorems by name, when
appropriate, and by verifying the hypotheses of these theorems. You do not
need to reprove the theorems you used.

Throughout this test m and m,, denote Lebesgue measure on R and R",
respectively. ‘Measurable’ is short for ‘Lebesgue-measurable’. Instead of dm
we sometimes write dy or dt, referring to the variable to be integrated.



Part 1.
DO ALL PROBLEMS IN PART ONE.

1. For each of the following, give an example, or explain briefly why no
example exists.

(a) A non-measurable subset of the Cantor no-middle-thirds set.

(b) A sequence of functions f, € L'(R) such that f, converges to zero
uniformly on every compact subset of R, but [ f,dm =1 for all n.

(c) A function f € L(]0,1]) with f not equal to zero on a set of positive
measure, but satisfying [ f(t) dt = 0 for almost every x € [0, 1].

2. Are the following statements true or false? Justify!
(a) Let f > 0 be bounded and measurable on R. Then

/Rfdm:inf/R¢dm,

where the infimum is taken over all simple measurable functions ¢ with f < ¢.
(b) If f € L*(R) and f is continuous, then f(z) — 0 as x — +o0.



Part 2.
DO 4 PROBLEMS IN PART TWO. MARK THE ONES TO BE GRADED.

1. Let f:[0,1]*> — R be bounded and such that f(z,-) is continuous for all
x and f(-,y) is continuous for all y. Show that g defined by

o) = [ 152 4y

is continuous on [0, 1].

2. Let Y be a subset of R with measure zero. Show that the set {z'°: z € Y}
also has measure zero.

3. Let f >0 on [0, 1] be measurable.
(a) Show that [y,
(b) If f[o 1 f"dm =C < oo for all n = 1,2, ..., then prove the existence

of a measurable subset B of [0, 1] such that f(z) = xp(z) for almost every
x. Here xp denotes the characteristic function of B.

f™dm converges to a limit in [0, co] as n — oo.

4. Let 1 < p < oo, E C Rmeasurable with 0 < m(E) < oo and f measurable
function. Show that the function g defined by

o) = (i [ 177am) "

is non-decreasing on [1,00). Here m(E) denotes the Lebesgue measure of E.

5. Let ¢ > 0 and

Show that f is absolutely continuous on [0, 1].

6. Let n be a positive integer. For x = (z1,21,...,2,) € R" let
|z]|co = max{|z;|,j =1,...,n}

and let £ = {x € R" : ||z]lc > 1}. Define a function f : £ — R by
f(z) = [|z]|="™. Prove that

/ fdm, =n2".
E

This can be done by using a result which is known as “layer-cake integration”
or the “washer method”.



Joint Program Exam, September 2004

Real Analysis

Instructions. You may use up to 3.5 hours to complete this exam. For each
problem which you attempt try to give a complete solution. Completeness
is important: a correct and complete solution to one problem will gain more
credit than two "half solutions” to two problems.

Justify the steps in your solutions by referring to theorems by name, when
appropriate, and by verifying the hypotheses of these theorems. You do not
need to reprove the theorems you used.

Throughout this exam m denotes Lebesgue measure on R. ‘Measurable’
is short for ‘Lebesgue-measurable’. Instead of dm we sometimes write dx or
dy, referring to the variable to be integrated. LP(a,b) is the LP space with
respect to m on the interval (a,b).

Part 1 below accounts for 40 percent of the exam grade, Part 2 for 60
percent. Separately the questions of Parts 1 and 2 carry equal weight.



Part 1.

DO ALL PROBLEMS IN PART ONE.

Are the following statements true or false? Justify!

1.

There is a sequence of measurable subsets E,, of R with F,, C F,; for
n=1,2,..., such that m(U,E,) # lim, ... m(E,).

There is a sequence of measurable subsets D,, of R with D,, D D,
for n =1,2,..., such that m(N,D,) # lim, . m(D,,).

There are measurable functions f,, n = 1,2,..., and f on [0, 1] such
that fu(z) — f(z) for every @ € [0,1], but [, fadm /> [, f dm.

There is a subset A of R which is not Lebesgue measurable, but such
that B = {x € A : zis irrational} is Lebesgue measurable.

. There exists an absolutely continuous function f on [0, 1] such that

f(0)=0, f(1) =1, and f'(t) = 0 for almost every ¢ € [0, 1].



Part 2.
DO 4 PROBLEMS IN PART TWO. MARK THE ONES TO BE GRADED.

1. Let f:]0,1] — R be defined by
[ V/x if z is irrational
flo) = { 0  otherwise.

(i) Show that f is measurable.
(ii) Is f Lebesgue integrable? If yes, find its Lebesgue integral.

(iii) Is f Riemann integrable? If yes, find its Riemann integral.

2. Suppose that f,, gn, f, g € LY(R), fn — f, g» — g almost everywhere
in R, and [ gndm — [p gdm as n — oo. If | f,| < g,, for all n, prove
that

n—oo

lim fn dm = / fdm.
R

3. Prove that

1
2
/ Vat+ 422+ 3dx < g\/lO.
0

4. Prove or disprove: There is a function f on (0, 1) such that f € LP(0,1)
for all p € [1,00), but f & L>(0,1).

5. Let f € L'(0,1), f > 0. Show that

1
i) & dy < oo for almost every z € [0, 1],
0 |z— y\m

y)1/2
/ = y|1/4 dy < oo for every x € [0, 1].

6. (i) Let f and g be absolutely continuous on [0,1]. Show that fg is
absolutely continuous and that

(f9) (x) = f'(x)g(x) + f(x)g' () for almost every x € [0, 1].

(ii) Let g be absolutely continuous on [0, 1]. Show that there is a finite
constant C' (only depending on g) such that

L C
/0 sin(kz)g(z) dx| < m

for all non-zero k.



Joint Program Exam, May 2005

Real Analysis

Instructions:
You may use up to 3.5 hours to complete this exam.
Work 7 out of the 8 problems.

Justify the steps in your solutions by referring to theorems by name when
appropriate, and by verifying the hypotheses of these theorems. You do not
need to reprove the theorems you used.

For each problem you attempt, try to give a complete solution. Com-
pleteness is important: a correct and complete solution to one problem will
gain more credit than two “half solutions” to two problems.

Notations:

IR denotes the set of real numbers, IN denotes the set of positive integers,
m(A) refers to the Lebesgue measure of the set A C R, “measurable” refers
to Lebesgue measurable, and “a.e.” means almost everywhere with respect
to Lebesgue measure. Instead of dm we sometimes write dx or dt, referring
to the variable to be integrated.



. For f:(0,1) — IR, prove or disprove the following statements:

(a) If f is continuous a.e., then f is measurable.

(b) If the set {x € (0,1) : f(z) = ¢} is measurable for every ¢ € R,
then f is measurable.

. Show that if A C [a,b] and m(A) > 0, then there are z and y in A such
that |x — y| is an irrational number.

. Let f, fn € L*(]0,1]), n € IN. Suppose that f, — f a.e. on [0,1]. Show
that f, — f in L*([0,1]) if and only if || f.|l2 — || f]l2.

. Find the limit and justify your answer:
% sin(nx)

lim .
n—oo Jg 1 -+ xz

. Let f : [-1,1] — IR be absolutely continuous. Show that f(F) is
measurable if £ C [—1, 1] is measurable.

. Let a > 3 >0 and

_ J a%cos 5, x€(0,1],
flz) = { 0, x=0.

Show that f is of bounded variation on [0, 1].

. Let f € L3(R) and g € L¥?*(R). If
ha) = [ fla—0g(t)dt
for z € R, prove that h is continuous on R.
. Suppose that f : R — [0,00) is measurable, that ¢ : [0,00) — [0, c0)

is monotonically increasing, absolutely continuous on [0, 7] for every
T < oo, that ¢(0) = 0, and that ¢(f) € L'(IR). Show that

/°° 6(f(2)) dz = /OOO m({z € R: f(z) > t})d(1) dt.

—0o0



