UNIVERSITY OF ALABAMA SYSTEM
JOINT DOCTORAL PROGRAM IN
APPLIED MATHEMATICS
JOINT PROGRAM EXAMINATION
Linear Algebra / Numerical Linear
Algebra

TIME: THREE AND ONE HALF HOURS
May, 1994

Instructions: Do only 7 of the 8 problems given.
Be sure to indicate which 7 should be graded. Include all
work for full credit.



1. Let P3(R) be the space of all polynomials over the real line, of degree
. less than or equal to 3. Define 7 : P3(R) — P3(R) by

T(p)=tp'+p

where the superscript denotes differentiation with respect to £. Show
that T is a linear transformation and find a matrix representation with
respect to a basis of your choice. Prove or disprove:

(a) Tis 1-1;
(b) T is onto.

2. Let A € R™ " rank A = n < m. Prove that there exists B g Rnxm
such that Ax = b & x = Bb. Is B unique?

3. A matrix A € C™" js simple if there exists a set of n linearly inde-
pendent eigenvectors for A.

(a) Show that a matrix A is simple if and only if there is a non-
singular matrix X such that X~'AX is diagonal. Show also that,
in this situation, the columns of X are right eigenvectors for A
and the rows of X~ are left eigenvectors for A (i.e., eigenvectors

for AH).
(b) Let A be a simple matrix with eigenvalues A;, A,..., A,. Show

that there are right eigenvectors xy,x,, ..., %, and left eigenvec-
tors y1,¥2,...,¥x such that

A= z"': /\;x;yff .
i=1

4. Prove the Schur decbmposition theorem: If A € C"** then there exists
a unitary matrix Q such that

Q7AQ=T,

where T is upper triangular. Use this theorem to prove that a Hermi-
tian symmetric matrix A has a complete set of eigenvectors, and that
the matrix of eigenvectors may be used to diagonalize A.



5. For a matrix A = (ai;) in C**" the trace of A, tr(A) is defined to be
tr(A‘) = E?:I Q.
(a) For B,D in C™*" show that ir(ED) = tr(DE).

(b) Show that if A and B are similar matrices then they have the
same trace.

(c) Show that the trace of a matrix equals the sum of its eigenvalues.
(d) Show that the determinant of a matrix equals the product of its

eigenvalues.

6. Let A € R™*2 be given, with A partitioned as
A=la a+trla,r € R |lala=1,]lrl,=¢

where ¢ is less than the machine epsilon. Explain why using a nor-
mal equations approach to solving a least squares problem with this
coefficient matrix would be potentially disastrous.

7. Let A € R™" be given, symmetric and positive definite. Define Ay =
A, and consider the sequence defined by
Ap = G GT
Ay = GIGy

where Gy is the Cholesky factor for A, Prove that the A, all have
the same eigenvalues.

8. Define the condition number, &, of a matrix A € R*™". Prove that, for
any singular B € R*X®

«(A)7" 2 [lA - BJ|/|[A]l

Explain what this result implies about the condition number of a matrix
that is close to being singular. More generally, what does the condition
number tell us about the stability of solutions to a linear system?
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3 -1
(1) L:LA—[_z ZJ'
(1.2) Find a matrix § such that S-1AS is diagonal.
(1.b) Show that, for any real number t,

dA=geDg-1
where D = S-1AS and
n
A 2 (tA)
e = ’
n=0 n!

and hence compute the matrix et A,
(1.¢) Show that the vector function y(t) = ¢! A y;, is a solution of the linear differential
equation initial value problem
dy(/dt=Ay(@), y0)=y,,
and hence solve this initial value problem when vo = (1, 2)T.

(2). Let V denote the vector space of all polynomials over R in two variables x and y of
degree at most 2. Consider the mapping T: V — V defined by

e,
T@) 3y P p .
Find both a Jordan canonical form and & Jordan canonical basis B for T.

(3). () Let AgypBpyn =0. Show : rank(A) + rank(B) <n.
(3.b) Give two examples to verify that it is possible to have

rank(A) + rank(B)=n and rank(A) +rank(B) <n
under the same condition that Ay B s = 0.

(4). LetPylx]={apg x>l + . +a x+ay aj real constants, x real variable}, n > 1.
Let D be the differential operator on Pylx], Df(x) =fx).
(4.a). Show that P,[x] is a vector space under ordinary addition and scalar multiplication.
{4.b). Find a specific polynomial
PO =aptK+ .. +ayt+ay#0
with the smallest k satisfying p(D) =0 on Pulx). Youneed to jﬁs&fy your choice of k.

(4.c). Define an inner product on Pyfx] as follows.
n—1
<fg>= Ya b,
k=0 k k

for any fx) = a1 W81 + .+ gy x+agand g) = by L+ L+ by x4 by in P, {x].



Find D¥, the adjoint operator of D, defined in termsg of elements in Py[x].

(5). (5:). Derive the algorithm to solve the system
8 X1 ANt xy =h @ =c=0,d=#0i= L, wnm)
using the LU factorization without pivoting. o
(3.b). Explain briefly the terms “sensitivity* and “stability" in the context of finding the
solution x of a linaar gystem Ax =b. Solve the systerm

[a 001 LOO] *1)_ [1.00]
100 2.000x, | (3.00)

(6).LetAbes nonsingular matrix. Backward error analysis of Gaussian elimination with
partial pivoting tells us that, if x7 is the computed solution of A x =b, then x¥ i the exact
solution of a nearby system: specifically, there exists E satisfying | E |l, < Cu A} for

One methiod of improving the accuracy of a computed solution is iterative refinement.
We consider the fimction f: Rn ~R2 givenby fx) =x + Zx, Where zy is the computed
solution of A Zy =b- A x, where the quantity r=b - A x is assumed to be computed

exactly. Note that zy satisfies (A +F )Zy=r exactly for some F with [Flo <CulA llw.
(6. Prove thatif | A-1 B ko <1 then the matrix A +F is nonsingular and

-1
HA e
_.I -
I-lA e 1F]..
(6.b). Let x* denote the exact solution of Ax=b. Show that

Cros
30 = £00*) 1o = xi?muﬁ”‘ - x*l.,

where o{ A) 15 the -norm condition mumber of A,

1A+ B) oz

(7). Describe in detail the cigenvalue computation algorithm known as * [ explicit ] QR

with shift", as applied to a known upper Hessenburg matrix AQ. Your answer should
include a description as to how the QR factorization is computed, how the matrix RQis



computed, and the strategies for choosing the shift. Compute by hand one [ explicit ] QR
step with shift & =-2 on the matrix

A _{2 3J
0 [~-1 -2

(8). (8-2) Let A be a real singular square matrix. Consider the lincar system A x = b,
where b is assumed to be in the range of A. Use the singular value decomposition method
to construct a solution to A x =b with the smallest length.

@B.b) Ifbisnot in the range of A, then use the singular value decomposition method to
construct a * least squares solution * for the linear system Ax="b,
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- (i) Let V be a vector space over R. Define the term “inner product
on V7. Prove the theorem of Pythagoras: For v; and v, in an inner
product space V with v; orthogonal to v, we have

lva + vall* = [Iva [ + [[va .

(ii) Let V be an inner product space, and let T be a linear operator on
V. Define the term “adjoint operator T*" Prove that

R(T*)* = N(T).

. Let A be an n X n matrix with A2 = A. Show that

rank (A) + rank (I, — A) = n,
where I, is the unit matrix.

- Let A be an n x n matrix with characteristic polynomial

f@) = (1" 4 au iV 4+ 4 i + ao.

(i) Prove that A is invertible if and only if aq 5 0.
(i) Prove that if A is invertible then

1
Al = ~—-(-l—[(—l)“z4ﬂ‘_1 +an 1AV b b g A o L)
0
(ii1) Use part (ii) to compute A~ for
1 2 1

02 3
0 0 -1



4. Let V = span(e®,ze®,z%",e%). Define T : V — V by T(f) = f
(the second derivative of f). Find both a Jordan canonical form and a
Jordan canonical basis 8 for T.

5. (i) Define the term “least squares solution ” for a linear system Az = b,
where A € R™*". In some situations, a least squares solution for the
system Az = b can be computed accurately, but not from the noraml
equations, AT Az = ATb. Explain, using the example

11
A=1¢ 0
0 ¢

(if) Assume in addition that m > n, rank (4) = n. Suppose an orthog-
onal matrix € R™*™ has been computed such that

R n
T4s_ p—|du
GA=Fk= [ 0 J m-—n

Is upper triangular. Derive the least squares equations to solve Az =)
using the factorization above. Prove that the least squares solution

always exists and is unique.
(it} Use (ii) to solve the system Az = b with

—5 -2 1
A=| 0 3|, b=]|s5
0 4 10

(Hint: you can choose AT = I — 2uu”/uTu for appropriate u € R3)

6. Recall a perturbation theorem for the eigenvalues: If y is an eigen-
value of the perturbed matrix A+ E € C*"* and X-1AX = D =



dia,g(/\l, ceey ,\,;) then
m‘jn [A; — ] < &2( X )| Elf,.

Explain why this theorem implies that the symmetric eigenvalue prob-
lem is less sensitive to rounding errors than the unsymmetric eigenvalue
problem. ‘

- (1) Using base 10 (8 = 10), 2 digit (t=2) chopping arithmetic, solve the

system
11 15 | |7
5 7 ) - 3
via LU factorization.

(ii) Do one step of iterative improvement using t = 4 arithmetic to
compute the residual.

(ii1) Give a heuristic explanation of iterative improvement as applied
to a linear system Ax = b. In particular, compare the relative er-
ror produced by Gaussian elimination (with pivoting) and the relative
error ultimately produced by iterated improvement. Under what cir-
cumstances (if any) will the iterative improvement fail? Why?

. The matrix

20
A=10 1
0 2

N O

has the eigenpa'irs (/\1131) = (23 [la 01011): (/\2552) = ( - 1: [O: 1, _"1]‘)3
and (A3, 23) = (3,[0,1,1]%). Suppose the power method is applied with
the starting vector ¢(® = [1,1, —1]*//3.

(i) Determine whether this process gives convergence to an eigenpair
. of A, and if so, to which one. Assume exact arithmetic.



(ii) Answer the same question for the inverse iteration (with the same
starting vector ¢(, and with A replaced by AN
(iii) Answer the question (i) if the iterations are performed on computer.
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1. Define Pn(R) to be the vector space of polynomials of degree less than
or equal to n, defined on the real line. Further define

Pi(R) = {p € Pa(R) : p(0) = 0}.
Let T : P(R) — PY(R) be defined by

T(p)(z) =p(s)+ [ 1o(t)at

(a) Prove that P2(R) is a subspace of F.(R).
(b) Is T one-to-one? (Give a proof.)

(c) Is T onto? (Give a proof.)

(d) Is T an isomorphism? (Give a proof.)

2. Determine all possible Jordan canonical forms for a linear transforma-
tion T': R® — R® whose characteristic polynomial is

p() = (¢ —2)°(t - 5)%.

3. For this problem, let V be an arbitrary inner product space, with a,
subspace S C V, dimS < dim V.

(a) Let = € V be arbitrary, and define p € 5 to be the orthogonal
projection of x into S. Show that

lz—plla <llz—qllay VgeSs.

(b) Now let vy, v, both in V, be orthogonal. Prove the Pythagorean
Theorem:

o + vall” = llod [ + [Joa] 2.
4. Let A € R™*" be given.

(a) Define the rank of A;
(b) Prove that rank(A) < min(m, n);



(c) Find the rank of the matrix

1 40 2
2 81 5
A= -1 -4 3 1
0 -3 4 4

What is a basis for the range (or column space) of A?
(d) Given B € R™*, prove that

rank(AB) < min(rank(A), rank(B)).

5. (a) Define ko (A), the condition number of a matrix (with respect to
inversion, and with respect to the infinity norm).

(b) Assume that A and 4 + E are nonsingular, with

Az =
(A+E)z, = b
Prove that E
”«'v"“; ﬁc“m < km(A)”A”m‘
(c) Let

A=[4.1 2.8}, E:[o.g 0.2

_ T

9.7 6.6 0.3 0.4 J 2= (L0)
Use the estimate from (b) to find a lower bound for koo (A).

6. Assume that the matrix A € R**" has the following partitioned form:
B &

=7 ]

where B € Rm-1x(r-1) 4 p ¢ R* ! and @ € R. Assume that
decomposition of B exists:

B=LU

where L is nonsingular and lower triangular, and U is non-singular and
upper triangular,



(a) Show how to construct a similar decomposition for A.

(b) Under what conditions does this decomposition exist?

7. Assume the following: if &y < oy <. o, hh<p<...< By, and -
N S 7 -+« £ 9, are the eigenvalues of the Hermitian matrices A,
B,andC=A+ B (respectively), then

a;+ By L v < o+ B, V.

Use this to prove the following: If 4, B in C"*" are Hermitian, with
A positive definite and ||A~||;]|B]|, < 1, then A + B is also positive
definite. Hint: recall that for Hermitian A, 1Al = p(A), where p(A)
is the spectral radius of A.

8. Let A€ C™" withv € C" an approximate eigenvector of unit length,
and A € C the corresponding approximate eigenvalue. Denote the
residual by r = Av — Av. Prove that there exists a, matrix B € C™X»,
with ||E|l; < [|r||s, such that

(A + E)v = )\,

ie., (A,v) is an exact eigenpair for the perturbed problem.
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L (i) Let 4 = {aj,as,---,3;} be a basis for the subspace S C IR". Let the vectors
b1, bg,---, by € S be linearly independent. Prove that there is an integer £,1 < k < 7,

such that the vectors az, by, bs, -, b,, are linearly independent.
(i) Use the result of (i):to prove that any basis for R™ must have exactly n elements.

2. (i) Let f : R® — R™ be a linear transformation. Prove fhat there is a unique m x n
matrix A such that f(x) = Ax for all x € R".

(i) Let f: R® — R? be a function defined by

Ty 21‘.2 + T3 ’
f( o ) = T — 4332 . [
T3 3z

Prove that f is a linear transformation and find the matrix representation of f with respect

1 1 1
tothebasis B={vi={1],va=[1],va=1]0]} |
1 0 0

3. Let V be a vector space and 7' be a linear operator on V.

(i) Prove that T2 = T, where Ty is the zero operator, if and only if R(T') C N(T") where
R(T) and M(T) are the range and the null space of T respectively.

(11) Define the determinant of T, det(T"), and prove that it is well-defined, that is, inde-

pendent of a choice of basis.
4. (i) Define the term “symmetric and positive definite” (SPD) matrix.

ii) Let A € R™™", Prove that A is an SPD matrix if and only if there is a unique lower
q

triangular matrix L with positive main diagonal elements such that A = LL7,

(iif) Determine whether or not the matrix

36 30 18
A=130 41 23
18 23 12

is an SPD matrix. Give your reason.

2

5. (i) Let A, = (i 4 +” 1 ) Find AJ! using Gaussian elimination.
= nZ

(ii) For the matrix A, in (i) compute the condition number Koo(Ar) in co-norm.

(i) Suppose that the systems An,x = b, n =1,2,--, are being solved for some b ¢ R?,
where A, 1s given in (i) and that a computer with base 2 and with 23 digits mantissa is
being used. Chopping arithmetic is used in the computer. For what value(s) of n can the

computed solution(s) not be trusted? Why?



6. (1) Define the term “least squares solution” for a linear system Ax = b, where A is an
-m X n real matrix with m 2 n. Prove that this least squares solution always exists and

that it is unique if and only if the columns of A are linearly independent vectors.

‘(11) Given data. points. {(;,1:) : 1 < 1 < n}, the least squares line of best fit y = a + bt
| for this data is obtained by using values for @ and'b that minimize the least squares error

 function
!

E(a,b) = (i — (a+ b))
=1
Explain how the vector x = (q, )T may be obtained as a least squares solution of linear
system.
7. (i) Define the term “Hermitian symmetric matrix”,
(ii) Prove that the eigenvalues of a Hermitian symmetric matrix in E™*" are always real.

(iii) State the Schur decomposition theorem on the unitary triangularization of a matrix A
n ™", Use this theorem to prove that a Hermitian symmetric matrix A has a complete

set of eigenvectors, and that the matrix of eigenvectors may be used to diagonalize A.

8. Let A € C™ ™ have a complete set of eigenvectors and have eigenvalues );, 1 < i < n,
satisfying
Ml > (A2l 2 s 2 - 2 AL

Let x; be the normalized eigenvector corresponding to Ay, and let q{% € C® be any vector
satisfying q‘®#x; # 0. Define, for & > 1,

o = _Zf,i .-
||z

X = qUIH g (B
(i) Prove that for k > 1,
a® = A*q® /]| A*q@ .
(Hint: use induction on k.)

(i) Let ) = ayx; + py. where P+ € {x;}". Show that |a;| approaches one and Hpelt

approaches zero, as k approaches infinity.

(ii) Show that
lim AGY = ).
k—oc
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1. For a subspéce S C R™ the orthogonal of S is defined by

Slm{yeR”:mi:UVxeS}.

(i) Prove that, if S C R" is a subspace, then S is also a subspace
and show that dim(S) -+ dim(51) = n.

(i) Let R(A) and N(A) denote the range space and null space of a
matrix A, respectively. If 4 € R™*" show that R(A)*: = N(AT).

2. Determine all possible Jordan canonical forms for a linear transforma-
tion T': R® — R whose characteristic polynomial is

p(A) = (A = 2P°(A - 5)%

3. Let V be an n-dimensional vector space. Let {vi,vs,...,v,} and {wy, 10,,. .., Wy }
be two bases for V.

(i) Let f : V — V be an invertible linear transformation. With a
given choice of basis for V let A be the matrix representing f.
Show that A is invertible and that 71 is a linear transformation
represented by A1,

(i) Two n X n matrices B, C are similar if there is an 1 x % invert-
ible matrix A such that B = ACA-. Suppose that f: VvV
is a linear transforation represented by the matrix B with re-
spect to {vy,vs,...,v,} and by the matrix ¢ with respect to
{wy,wy,...,w,}. Show that B and C are similar.

(iii) Show that there is a linear transformation f:V — V such that
if 2 €V and s = X% a;0; = %, by, then f (a) = b, where

a1 b1
a b
o= .2 ,b - .2

G b,



4. Consider a linear system Az = b, where A is a real non-singular matrix
of order n.

(i) Discuss the algorithm known as Gaussian elimination with partial
pivoting for solving the linear system. Include in your answer an
indication as to how you would compute the inverse matrix A~!,

(ii) If A is a strictly diagonally dominant matrix show that Gaussian
elimination with no pivoting can be applied to solve the linear
system and a zero pivot will not be encountered.

3. Suppose that A;, Ag,..., A, are eigenvalues of a square symmetric ma-
trix A. Let z; be the eignevector corresponding to A, with the property
[lz1]]2 = 1. Define the matrix B = A—Xzzl. Prove that B has eigen-
values 0,Ag,- -+, A,.

6. Define the condition number, koo(A), of a matrix A of order n, with
respect to the infinity norm on R™.

(i) Consider the linear system Az = b. Let z. be a computed solution
to this system and define the residual r = § — Az,.. Prove that

||z — Ze|loo < keo(A) ”7'”00

JE 16llco

18]

(i) I [|bllo = 1 and ko (A) = 104, and the system Az = b is solved in
single precision (8-digit) arithmetic, what can you conclude about
the relative error in z? (Hint: you may assume that the matrix A
is entered exactly into a machine and try to estimate the absolute
error, ||r|le, in b.)

(iii) Let D = diag(1077,...,10%) be a diagonal matrix of order n.
Compute det(D), the determinant of D, and k(D) as a function
of n. In light of the fact that the determinant of a matrix is zero
if and only if the matrix is singular, comment on the suggestion
that the smallness of the determinant be used as a measure of
ill-conditioning for the matrix.

7. Let A(A) be the set of all eigenvalues of A. If a matrix A can be

partitioned as
_ Ty Ty
4= 0 o, )



show that A(4) = A(T3;) U A(Ty).

8. Let A be a complex n X n matrix, and v be a complex n—ve%tor. Prove
that, if 7 = Av — pv, then |jr||; is minimized when p = A where
v denotes the conjugate transpose of v.
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. Let T': R? — R? be defined by

a| 2a+5b
gtikie
(i) Show that 7' is linear.

(ii) Find a basis for N(T"), the null space of T, and a basis for R(T),
the range of 7. Is T one-to-one? Is T onto?

(iit) Determine [Tz, the matrix of T with respect to the basis, 8, where
(1] o
ﬁ_{.o‘a_l}})
1] 1
SHHEBE

(iv) Show that T4 is similar to [T]s by finding a matrix Q such that

Q7T]pQ = [Tl

. Let A be a complex-valued n x n matrix.

and {75 where

(i) What do we mean by “A is Hermitian”?

(ii) Show that if A is Hermitian, then all the eigenvalues of A are real,
and eigenvectors of A corresponding to distinct eigenvalues are
orthogonal.

(ili) Show that no generalized eigenvector of A has rank greater than 1.
Recall that = is a generalized eigenvector of A with rank m corre-
sponding to eigenvalue A if (A—AI)™z = 0 but (A=AIy™1g £ 0.

. Let

DO

A=

O = O D

-1
0
1
1

o T e B LA TNY

0

Find a matrix J in Jordan canonical form and a matrix & such that

J=Q1AQ.



4. Let A be an n X n matrix whose characteristic polynomial is (¢ — A

(i) State the Cayley-Hamilton theorem and use it to show that, if
P()} is a polynomial, then

n—1 (k) a
P(A4) = ; P k!( )(A_af)k.

(i) Use (i) to compute A24 — 3415 where

3 2 4
A=1]1 0 1 o0 }.
-1 -3 -1
5. Let A € R™*" 2 € R" and b € R™,

(i) Define “least squares solution” for the linear system Az = b.
(ii) Derive the normal equations for solving Az = b.

(iii) Use (ii) to find the “least squares solution” of

3] 1z-] 4]

6. Define the condition number, Ko (A), of a matrix A with respect to
inversion, and with respect to the infinity norm.

(i) Let the matrices A and A + AA be nonsingular. If, for a given

vector b,
Az =
(A4 AA)(z + Az) =b
prove that | 18]
Azl Adlle
— K (A)L e
o+ Aallo, = %ol T

(You may assume that A=' — B~1 = A B - A)B)



(ii) Let

9.7 6.6 0.3 04

and z = (1,0)T. Use the estimate in (i) above to find a lower
bound for K,(A).

A:{m 2.8},AAE[0.9 0.2]’

. Let w € R™ be a given vector and

2 T
P“-:I—muu

be a Householder reflector matrix,

(i) Prove that P is orthogonal.

(i) Let z be given and let z = v + w where v lies along the vector u,
and w is orthogonal to u. Show that Pz = —y + w, and explain
why P is called a “reflector” matrix.

(iii) For a given matrix A, explain briefly how to use Householder
matrices to compute the decomposition A = QR where @ is or-
thogonal and R is upper triangular.

- Describe in detail the eigenvalue computation algorithm known as “ex-
plicit QR with shift”, as applied to a known upper Hessenburg ma-
trix Ag. Your answer should inculde a description as to how the QR
factorization is computed, how the matrix RQ is computed, and the
strategies for choosing the shift. Compute by hand one explicit QR
step with shift o = —2 on the matrix

2 3
w=l 4 3]
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1. Let A and B be linear transformations on an n-dimensional vector
space. Prove that

(i) rank(AB) < min{rank(A), rank(B)}
(if) If A is invertible, then rank(AB) = rank(BA) = rankA.
(iii) If AB = 0, then rank(A) + rank(B) < n.

2. Let V' be the vector space of all polynomials of degree < 2 with real
coefficients and in a variable z.

(i) Show that {fo, fi, f2} C V where fr(@g)=z" for 0 <r <2 isa
basis for V.

(ii) Let T: ¥V — V be defined by
VieV, T(f)(z)=flz+1).

(a) What is T"(f)(z)?

(b) Write down the matrix of T relative to the basis {f;, f1, f2 ).
(c) Show that (T — I)® = 0 where I is the 3 x 3 identity matrix.
(d) Deduce from (c) that Vf € V

f(m+3)—3f(a:+2)+3f(x+1)—f(m)=0.

3. Let A € C™** (complex-valued n X n matrix) and A¥ be the conjugate
transpose of A.

(i) What do we mean by “A is normal”?

(i) Show that if A is normal, then 4 — A\J is normal for any A € C,
and [|Az|| = ||A¥z|| for all z.

(iif) Use (ii) to show that if A is normal, then A and A¥ have same
eigenvectors and if z and y are eigenvectors of A belonging to
distinct eigenvalues, then they are orthogonal.

4. (i) Let A€ C™" and ); € C,i=1,2,...,n be the eigenvalues of
A. Show that det(A) = II%, A; and tr(A) =30, AL

i=1
(i) Show that if A, B € C™** are similar matrices, then they have the

same characteristic polynomial. Deduce that det(A) = det(B),
and tr(A) = tr(B).



3. Let
_ (41 28 |41 ;| 411
A= [9.7 6.6]’5“ [9.7}’ and 5 “[9.70}
(i) Find a permutation matrix P, a unit lower triangular matrix L
and an upper triangular matrix U such that

9.7 6.6

PA:[M 2.8

} = LU (%)

and use (¥) to solve Az’ = ¥'. (It’s clear that A(}) = b).

(ii) Find a lower bound of K(A), the condition number of A with
respect to ||-||o norm, by using the result in (i) and an appropriate
theorem to be stated.

6. (i) State the theorem, due to Shur, that ensures the diagonalization
of the symmetric matrix A € R™*®,

(ii) Find the Shur decomposition of

1 4
A= 4 .

7. (i) Define “least squares solution” for a linear system Az = b.

(i) Assume that A € R™*" m > n and rank(A) = n. Consider the
factorization of A into QR; where @1 has orthonormal columns
and Ry is upper triangular, of order n, and non-singular, or into
QR where Q) is orthogonal and

(4]

is an m X n matrix. Use either factorization of A to derive the
least squares equations for Az = b in terms of R.

(iii) Use (i) to find a least square solution for Az = b with

6 8 0 11 10
A=QR=] 8 -6 0 0 2 andb=| 20|,
0 0 1 0 0 10



or

A= Q]_Rl =

6 .8 11
8 -6 R
0 0

_ 2 0
A—U[O O]VH

8. Let A € C™*™ and

be a singular value decompostion (SVD) of the complex matrix A where
U=luy,ug,...,uy] € C™*m Y = [v1,v2,...,v,] € C™X" are unitary,

and
E = diag(oy,09,. .. ,0p)
where
o1 2022 -20,>0
and
0 < p < min(m,n).
Prove that

(i) Av; =om; for 1 <i<p;

(i1) null{A) = span{vyy1,...,v,};
(ii) range(A) = span{uy,us, ... yUp b
(iv) |[All2 = o1
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6.

. Let V and W be vector spaces over " and let T': V —+ W be an

invertible linear transformation. Prove that

(a) N(T) = {0}, where N(T) is the null space of T, and

(b) T preserves linear independence; ie. if S is a linearly independent
subset of V' then T'(S5) is a linearly independent subset of W.

. Prove that if A and B are real m x n matrices then

rank(A + B) < rank(A) + rank(B).

Prove the Cauchy-Schwarz inequality for a complex inner product space
V.

[{z, )] < ll=]] - fly]]
forallz,y € V.

Recall that the generalized eigenspace of a linear operator T: V — V
corresponding to an eigenvalue ) of T is

I={z €V :(T-AP(z) =0 for some positive integer p}
Prove that

(a) K, is a subspace of V and
(b} K, is T-invariant; i.e. T(&y) C K.

Let a,b € R and A = af + bJ where I is the n X n identity matrix
and J is the n x n all ones matrix. Find the characteristic polynomial,
eigenvalues, and eigenspaces of A,

(a) Describe in detail the Gauss elimination procedure, with partial
pivoting, for solving a linear system Az = b, where Aisann x n
non-singular matrix and 2 and & are vectors in R". Include in
your answer how one obtains the decomposition PA = LU/ , Where
L is a unit Jower triangular matrix, I is upper triangular, and
P is an appropriate permutation matrix. Describe also how one
computes z, given b, L and U,



(b) Describe the method of iterative refinement, used to improve the
accuracy of the solution = obtained in (a) above.

7. Define the condition number, K (A), of a matrix A (with respect to
inversion, and with respect to a given norm, |- ).

(a) Calculate K,,(A) for the matrix
1 2
1]

(b) Let A be a non-singular matrix. Show that K3(A) = 1if and only
if A is a non-zero scalar multiple of an orthogonal matrix.

(c) Let D = diag(1071,. .., 107*) be a diagonal matrix of order n.
Computer det(D), and Ky(D) as a function of n. Comment on the
suggestion that the determinant be used as a measure of condition.

(d) Let = be the solution of the system Az = b, where A is a non-
singular n X n matrix. Let y = = + Az be the solution to Ay =
b+ Ab. Prove that, if b and z are non-zero,

8. Define the term “least squares solution” for a linear system Az = b.
Prove that this least squares solution always exists and that it is unique
if and only if the null space of the matrix A contains only the zero
vector. Show also that the least squares solution may be found by
solving the normal system ATAz = AT},

9. Prove the Gerschgorin theorem: If A(A) denotes the set of eigenvalues
of a matrix A = (ay;), then

/\(A) C OD,’

i=1
where
Di={2€C:|z—ayl < > a3
Ji
Use this theorem to show that a rea] symmetric, strictly diagonally
dominant matrix with positive diagonal elements is positive definite.



10. Prove the singular value decomposition theorem: Let A be an m X n
matrix. Then there exist unitary matrices I/ and V such that

S0
VHAUz[O 0}

where 3 = diag(o1,02,--+,0,), and o1 > 09 > - - - 2o, > 0. Let 4 be
a square matrix with singular values {o;:1 < < n}. Prove that

ll4ll2 = maxo:.
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L. Let f(z) = ag+a1z+- - -+an 127" 142" be the characteristic polynomial
of a real n X n matrix A.

(a) Show that if ap # 0 then A is invertible and A~! can be written
as a polynomial in A.
(b) Use part (a) to find the inverse of the matrix
1 -2 4
A=10 -1 2.
2 0 3

2. Let tr(A) denote the trace of a square matrix A.

(a) Prove that if A and B are n x n matrices then tr(AB) = tr(BA).

(b) Use part (a) to show that similar matrices have the same trace.

3. Let
30 2
A= l’ -3 1 =2
-1 0 0

Find a matrix J in Jordan canonical form and a matrix ¢ such that

Q1AQ = J.

4. Let V be a real inner product space and let W be a subspace of V
having an orthonorma) basis {wi,ws,...,w,}.
(a) Show that if z is in W then 1 = Z(m, w; J1w;.
=1
N
(b) Show thatifzisin V and y = > (z,w;)w;, then lz—yl] < flz—2]

g
for all z in W.



5. A matrix A = (a;;) in R™*" is said to be column diagonally dominant

if 3
laiil > 3 las]
i=1
i
for j = 1,...,n. Show that if such a matrix is the coefficient matrix of

a system of linear equations to be solved by Gaussian elimination, then
no partial pivoting will be required. Hint: show that at each stage
of the elimination process the square matrix in the lower right hand
corner 1s still column diagonally dominant, ensuring that the pivotal
element is already on the diagonal.

6. (a) Show that the eigenvalues of a real symmetric matrix are real.

(b) Let A be a real symmetric n X n matrix with eigenvalues denoted
by Ay, Az, ..., A, and let z; be an eigenvector corresponding to ),
such that (z1)7z; = 1. Define

B = A— }\1$1($1)T.
Show that B has eigenvalues 0, ), -+, \,..

7. Define the 1-norm of a matrix A in R™*" by
[Alls = sup |[Az|l1/||z]ls
zeRn

where
(21,22, -+, @a)lls = |z4| + lea] + -+ + |zn-

Show that [|A[]; = max)_|as;.
4 i=1
8. (a) State the Singular Value Decomposition Theorem.

(b} Define the condition number, K(A), of a matrix A in R™*" with
respect to a norm || - ||.

(¢) Prove that the condition number of an 1 X n nonsingular matrix
A with respect to the 2-norm [| - ||; is K(4) = oy /0w, where
0y 2 02 2 -+ 2 0, > 0 are the n singular values of A.
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1. Let V and W be finite dimensional vector spaces and let 7" : V — W
be a linear transformation.

(a) Define the terms “null space” and “rank” of a linear transforma-
tion.
(b) Prove that
dim(V) = dim{(N(T)) + rank(T),
where N(T') denotes the null space of 7.
2. Let @ and # be distinct eigenvalues of a linear operator I': V — V|
where V is a vector space. Let A and B be linearly independent sets of

eigenvectors corresponding to ¢ and £, respectively. Prove that AU B
is linearly independent.

3. (a) Prove that similar matrices have the same characteristic polyno-
mial. '

(b} List one matrix in Jordan canonical form from each similarity class
of matrices having characteristic polynomial

Ft) = (2~ )43 ~1).
Give the minimal polynomial for each of these matrices.

4. (a) Let V = (C[0,1] be the vector space of continuous real-valued
functions defined on the interval [0, 1], with inner product

(f,9) = /0 1f(t)g(t) dt.

Find an orthogonal basis for the space spanned by {1,¢2,¢1}.

(b) Prove that if W is a subspace of a finite-dimensional inner product
space V, then
(W =W,

3. Let A be a real square matrix.

(2) Prove that A is nonsingular if and only if 0 is not an eigenvalue
of A.



(b) Define the term “diagonally dominant matrix”, and prove that if
A is a diagonally dominant matrix than A is nonsingular.

6. Let A be a real symmetric matrix, with eigenvalues A;, 1 < i < n,
satisfying
(Al > Ao] 2 [As] 2 -+« > [l

If @, is the eigenvector corresponding to Ay, and 2, is a vector satisfying
z¥zy # 0, prove that

. ZgAkZQ
lim Ny A]_
k—eo 24 A% 1z

7. For a square real matrix A, define ||A[|; as

1A]ls = max 1A2llz

ax —_——
=20 ||z]l,
Prove the following:

(a) If Q is orthogonal, then [|Qz||, = [|z||2 for all z.
(b) If @ is orthogonal, [|QA[|; = || A, for any A.
(c) [lAlls = /(AT A), where p(B) denotes the spectral radius of B.

8. (a) Define the term “unitary matrix”.

(b) If v¥ denotes the conjugate transpose of the vector v, prove that
U = I —vv¥ is unitary if and only if [lv]]2 = 2.

(c) Let = and y be vectors. Prove that if llzlla = llyllz and if the
inner product (z,y) is real, then there exists a unitary matrix U/
of the form 7 — vv such that Uz = Yy, for some vector .

(d) Let
4 4 1
A=|38 -2 7 )
0 3 1

Exploit (b) and (c) to find the factorization of the matrix A, such
that A = QR, where @ is unitary and R is an upper triangular
matrix.
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1. (i) State and prove the Cayley-Hamilton Theorem.

(ii) Suppose the n x n real matrix A satisfies a real polynomial equa-
tion g(z) = 0, where g has degree m < n. Suppose further that A
satisfies no real non-zero polynomial equation of degree less than
m and that z — « is a real factor of g(x). Prove that « is an
eigenvalue of A.

2. (i) Write down the symmetric matrix associated with the rea) quadratic
form
az? + 2bzy + ey’

(ii) By considering det{A—zI), or otherwise, show that the quantities
a+ ¢ and 5% — ac are invariant under orthogonal transformation.

(iii) Given that:
T = [ cosf —sind ]

smé cosf

find 0 in terms of a, b, and ¢, such that T-AT is diagonal.

3. Find the Jordan canonical form for:

2 1 0 -1

! 1 0 1

A= 1 0 3 -1
0 1 0 1

4. Define the terms linear transformation and direct sum of vector spaces.

Let ¢ be a fixed integer with 1 < i < n,and let P : R® =+ R” be defined
by projecting each vector onto the ¢-th coordinate axis. Prove that P

is a linear transformation and find Ker P, Im P, and M, the matrix of
P. Prove that M(I — M) =0.

Let T': V — V be any linear transformation such that 72 = T. Show
that V = KerT' @ ImT. Here the symbol “@” represents direct sum.

5. Let A € R**™ and b € R™ be given, and consider the linear system
Az =b.

Under what conditions on A and/or b does this problem have a solution,
and when is it unique? Be as complete and precise as possible.



6. (i) Define the condition number, £(A), of a matrix A, with respect
to a given norm || - |[. Prove that «(A) > 1. Are any additional
hypotheses needed for this last conclusion?

(if) Calculate #;(4), x5(A), and Keo(A) for the matrix

..

(iif) Consider the two systems below. Solve both, using 3-digit decimal
arithmetic, and comment on your results.

[2.00 142 [ 2] [ 800
| 1.00 0.711 || z, | T | 4.00

200 142 1[4 ] ]800
| 100 0.711 | |y, { ~ | 4.10

7. Let A be a given n x n nonsingular matrix, and assume a splitting of
the form A = M — N, where M is non-singular. Let 2 be the solution
of the problem Az = b. Consider the iteration

Mz ) = b Nz(®)
Show that the errors etf+1) — 5 — 4% satisfy a relation of the form:

e+ = Ge®)

and that the residuals () = p — 4% satisfy a relation of the form:

pltD) — (k)

for appropriate matrices @ and H. How are G and H related? Prove
that p(H) < 1 if and only if p(G) < 1. (Here p(A) is the spectral radius
of the matrix A.)

8. Let A € R™" be given, with A = A%, and assume the eigenvalues of
A satisfy
Pl > Ag] 2 Ag) 2 - > ).



Let = € R"™ be given, with z7z; ## 0, where z, is one eigenvector
corresponding to A;. Prove that

Use this result to devise a reliable algorithm for computing (A, z).
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1. (i) Define the condition number, x(A), of a matrix A, with respect
to a given norm || - ||. Prove that «(A) > 1. Are any additional
hypotheses needed for this last conclusion?

(i) Calculate x1(A), k2(A), and ko (A) for the matrix
1 2
a=ls i
(iii} Let D = diag(0.1,0.1,...,0.1) be an n x n diagonal matrix. Com-
pute det.D and «,(D) as a function of n. Comment on the possible
use of the determinant as a measure of the condition of a linear
system.

2. (i) Define the spectral radius, p(A), of an n X n matrix A.
(ii) Let A be a given n x n real matrix. Prove that
|1 All2 = p(AT A)'/
(iii) Let [| - || be any operator norm, i.e., ||Az|| < [|Al] ]z]| for all
matrices A and vectors z; show that p(A4) < ||A].
(iv) Let @ be an orthogonal matrix. Show that @iz = 1, and that

HQzll2 = |[zl|2 for any vector .

3. Let A € R™"™ with A an eigenvalue for A, with corresponding eigen-
vector z. Let y ~ 2. Show that the Rayleigh quotient for y yields
an accurate approximation for A, and that the assumption that A is
symmetric makes this approximation more accurate.

4. Let A be symmetric and positive definite. Show that there exists a
unique lower triangular matrix G such that GGT = A.

5. Let A be a given n X n matrix, and assume a splitting of the form
A = M — N, where M is non-singular. Let z be the solution of the
problem Az = b. Consider the iteration .

M%) = py Ng®

Show that the errors elf+l) = 5 — z(*) satisfy a recurrence of the form:

1) — o ®)



and that the residuals r*) = 5 — Az® satisfy a recurrence of the form:
P ()
for appropriate matrices G and H. How are (3 and H related? Prove

that p(H) < 1 if and only if p(G) < 1. Can we use (5) to justify
terminating the iteration when the residuals get small? Why/why not?

. Consider the two systems below. Solve both, using 3-digit decimal
~ arithmetic. Comment on your results.

(200 142 J{ 2] [800]
| 100 0.711 || =5 |~ | 4.00
(200 142 J[wn ] [8.00]
[ 1.00 0.711 | | g, |~ | 4.10 |

. Let A € R™" be given, with A = AT, and assume the eigenvalues of
A satisfy
[At] > [Aa] 2 [As] = - > [Aal.

Let z € R™ be given, with 2Tz; # 0, where 2; is the eigenvector
corresponding to A;. Prove that

Use this result to devise a reliable algorithm for computing (A1, 21). Be
sure to comment on the necessity (or lack thereof) of each assumption.
Can any of them be relaxed? What happens if [X] = [Az] is allowed?
Can the algorithm still be used effectively?



