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Linear Algebra and Numerical Linear Algebra

Instructions: Do any 7 of the 8 problems given. Be sure to indicate which 7 are to
be graded. Completeness in answers is very important. Justify your steps by referring
to theorems by name where appropriate. An essentially complete and correct solution to

one problem will gain more credit than solutions to two problems, each of which is “half-

correct”.



Notation: k(M) indicates the a-norm condition number of a matrix M.
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. Consider the vectors in R? defined by v; = 2 ,Ug = _42 , U3 = g
2 5 9

Find a system of homogeneous linear equations for which the space of solutions is exactly

the subspace of R* spanned by the three given vectors.

. Let V' be the vector space of all polynomial functions from IR to R which have degree less
than or equal to n — 1. Let ¢3,%q,...,¢, be any n distinct real numbers, and define linear

functionals L;(p) = p(¢;) on V. Show that Li, Ls,. .., L, are linearly independent.

. Let A € R™" be a nonsingular matrix. Show that min{ "fmfiz | A+ 64 is singular} =

1/k2(A). (That is the distance to the nearest singular matrix is 1/x2(A4).)

. Compute the condition numbers x1(A4), k2(A4) and K. (A) for
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where n > 2.

. Given the data (0,1}, (3,4), (6,5). Use a QR factorization technique to find the best least

squares fit by a linear function.



6. Let A be an n x n real matrix of full rank and let X be a matrix that diagonalizes A4, i.e.
X'AX = D where D is a diagonal matrix with eigenvalues A\;,2 = 1,...,7n of A on the
diagonal. If A’ = A+ E and X is an eigenvalue of A’, prove that
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7. (a) Let A be a 16 x 16 complex matrix whose characteristic polynomial and minimal
polynomial are Ca(z) = 2%(z — 26)® and Ma(z) = z°(z — 20)° respectively. Also let
dimFqg = 2, dimEy; = 3, where E), is an eigenspace corresponding to the eigenvalue A\ of

A. Find a Jordan canonical form of A.

(b) Let A be a 8 x 8 complex matrix with C4(z) = (2241)4, dimF; = 1, and dimE_; = 3.

Find the minimal polynomial of A.

8. For any matrix A = (ai;), A € R™*™ define
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[A4]lF = Zzafj
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This is the Frobenius matrix norm. Show that if @ € R™*" is orthogonal, then |QA||F =
||Al|p. Then show that
1Allr = (of +---+al)!/

where o; are the singular values of A.



